Hu6ng dén gidi CDBT ti cic DTQG Toén hoc —

L Ghuyén &¢ :
HINH HOC GIAI TiCH TRONG KHONG GIAN 0XYZ

v Véndé1:  MATPHANG VA DUSNG THANG
A. PHUGNG PHAP GIAI

TOA PO
1. az(ul;uz;u3) = ﬁ=u1f+u2]+u3lz
2. gil;:(alib];azibz;a3ib3)
3. ab=ab, +ayb, +a3b,

4. [ab]=|[2 0] 20
L by b3| |by by

5. ‘a‘ :afalz +2122 +a32

D)

b, b,

’

’

|

. Cos(g,l;) =

-

8. a cﬁngphUdngB@[a,f)J:()@a] tay:a3=by;:by:bs

&

9. a,b,c ddngphing < [5,6]5:0

10. Dién tich tam gidc: Syapc = %‘[E,El]

11. Thé tich t dién ABCD: V,pep = é‘[@,?c] E‘

12. Thé tich hinh hop ABCD.A'B'CD": VApcp ABCD = ‘[/TB/TDJE‘
MAT PHANG

miit phing.

¢ Phuong trinh t8ng quét: (a): Ax + By + Cz+D =0 (A% +B?+C*#0)

di qua M(xq; ¥ Zg)
¢ (0):

6 vectd phép tuyén: n =(A;B;C)

= (W):AX—Xg)+B(y—-yp)+C(z—2z5) =0

¢ Vecto phdp tuyén ctia mit phing 14 vectd khic vecto 0 va ¢ gid vudng goc
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Hu6ng dén gidi CDBT tii cic DTQG Toén hoc —

¢ Mit phing chin: (o) cit Ox, Oy, Oz 1an lugt A(a; 0; 0), B(0; b; 0), C(0; 0; ¢),
(a, b, c khiac 0)
(a): iz
a b ¢
¢ Mit phing dic biét: (Oxy): z =0, (Oxz): y =0, (Oyz): x=0

DUSNG THANG

¢ Vécto chi phuong clia dudng thing 13 vectd khdc vectd 0 va c6 gid cung
phuong véi dudng thing.
di qua M (Xq; ¥¢5 )
¢ : -
cé vectd chi phuong a=(a;; a,; az)

—X - z2-25 .
0_Y"Yo_ 9 véi (a; ay; ay #0)
4 a a3

. X
Phuong trinh tham so :

. 2 o y=0 x=0 x=0
¢ Dulng thang ddc biét: Ox: ; Oy: ; Oz
z=0 z=0 y=0

B. DE THI

Bai 1: PAI HOC KHOI D NAM 2011
Trong khong gian vé6i hé toa dd Oxyz , cho diém A(1; 2; 3) va dudng thing d:
X;-] = % =2 _23 . Viét phuong trinh dudng thing A di qua diém A, vudng géc véi

dudng thing d va cit truc Ox.

Gidi
e GoiM la giao diém ctia A vé6i truc Ox = M(m; 0; 0) = AM = (m —1; -2; -3)
e Véctd chi phudng ciia d 13 a = (2; 1;-2).
e AldeoAM1lde AMa=0<2m-1)+1(-2)-2(-3)=0<m=-1.
« Dudng thing A di qua M va nhan m = (-2; =2; -3) lam vectd chi phudng
x-1 y-2 z-3
2 3 d
Cdch 2. X
e Adiqua A va cit truc Ox nén A nim trén mit N
A A .

phing (P) di qua A va chifa truc Ox. . M
e Adiqua A va vudng géc v6i d nén A nim trén mit 1 2

phing (Q) di qua A va vudng géc véi d.

nén c6 phuong trinh:

» Ta c6: +) Vectd phdp tuyén ciia (P) Ia np) = OA,i .
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+) Vectd phdp tuyén cla (Q) 1a @ —a, .
« A=(P)(Q) = véctd chi phuong ciia Ala: a, = [@,n@)} .

Cdch 3.
« Mit phing (Q) di qua A va vudng géc vdid = (Q): 2x +y -2z +2=0.
« Goi M la giao diém ctia Ox va (Q) = M(-1; 0; 0).
o Vécto chi phuong cua A la: AM .

Bai 2: PATHOC KHOI B NAM 2011

x+2 y—-1 z+5
3 22
va hai diém A(-2; 1; 1), B(-3; —1; 2). Tim toa d6 diém M thudc dudng thing A
sao cho tam gidc MAB c6 dién tich bing 3\E .
Gidi

o Dudng thing A di qua E(-2; 1; —5) va ¢6 vectd chi phuong a=(1;3; —2) nén

Trong khong gian véi hé toa dd Oxyz, cho dudng thing A:

X=-2+t
c6 phuong trinh tham s6'1a: {y=1+3t (t € R).
z=-5-2t

e MeAe M(2+t; 1+36-5-2t)
o AB=(-L-2;1), AM=(t 35-6-2t), [ AB,AM |=(t+12—t-6;—t).

o Smun=3H5 <= %‘[Eé,m]‘::sﬁ@ Je+1272 4 (1467 +2 =645

<3t +36t=0<t=0hodct=—12.
Vay M(-2; 1; —5) hodc M(-14; -35; 19).
Bai 3: PAI HOC KHOI D NAM 2009

. e 1A R N 2 2 -2
Trong khong gian véi hé toa dd Oxyz, cho dutng thang A: % :YT :il
va mit phing (P): x + 2y — 3z + 4 = 0. Viét phuong trinh dudng thing d nim trong
(P) sao cho d cit va vudng géc véi dudng thing A.
Gidi

Toa dd giao diém I clia A véi (P) théa man hé:

X+2 y-2 z

1 C1=I(-311)
x+2y-3z2+4=0

Vectd phap tuyén cia (P): n=(1; 2;—3); vectd chi phuong clia A: u=(1; ;- 1)
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Pudng thing d cAn tim qua I va c6 mdt vectd chi phuong:

n(p,) =(1;2;3), N(py) =(3;2-1)
Xx=-3+t
Phuong trinh d: <y=1-2t (te R)
z=1-t

Bai 4 :CAO PANG KHOI A, B, D NAM 2009

Trong khdng gian véi hé toa dd Oxyz, cho cic mat phing (P)): x + 2y + 3z +4 =0
va (Py): 3x + 2y — z + 1 = 0. Viét phuong trinh mit phing (P) di qua diém
A(1; 1; 1), vudng gbéc véi hai mat phﬁng (Py) va (Py)

Gidi
Vectd phdp tuyén clia hai mit phing (P;) va (P,):
() =(1;2;3), N(py) =(3;2,-1)

(P) vubng g6c véi hai mit phfmg Py va (Py)

= (P) c6 mdt vecto phép tuyén: n(p) [n(Pl),r@J =(-8;10; —4)=-2(4-5;2)

Mit khic (P) qua A(1; 1; 1) nén phuong trinh mit phing
P)4x-1)-5(y-1)+2(z-1)=0
Hay (P):4x-5y+2z2-1=0
Bai 5: CAO DANG KHOI A, B, D NAM 2009

Trong khong gian véi hé toa do Oxyz, cho tam gidc ABC c6 A(1; 1; 0), B (0; 2; 1)
va trong tdm G(0; 2; —1). Vi€t phuong trinh dudng thing A di qua diém C va
vudng géc véi mit phing (ABC).

Gidi
Ta cé:
e G a trong tdm tam gidc ABC = C(-1; 3; —4)
e AB=(-111); AC=(-22-4)
Pudng thing A vudng géc véi mit phing (ABC) nén c6 mot vectd chi phuong
a, =[ AB,AC|=-6(1; 1; 0)

Mit khdc dudng thing A di qua diém C nén

x=-1+t
Phuong trinh A: <y =3+t (teR)
z=—4
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Bai 6: DAI HOC KHOI B NAM 2008

C(=2;0; 1)
1. Viét phuong trinh mit phing di qua ba diém A, B, C.

MA =MB = MC.

Trong khong gian véi hé toa dd Oxyz, cho 3 diém A(0; 1; 2), B(2; -2; 1),

2. Tim toa dd ctia diém M thudc mit phElelg 2x + 2y +z— 3 =0 sao cho:

Giai
di qua A(0; 1; 2)

1. (ABC): , .
( ) {cé vectd phdp tuyén la [AB,AC] =2(1;2;,-4)

Phuong trinh mp(ABC): I(x-0)+2(y-1)-4(z-2)=0
Sx+2y-4z2+6=0
2. Cdch I:

Ta c6: AB.AC =0 nén diém M nim trén duding thing d vudng géc v6i mp(ABC)

tai trung diém 1(0; —1; 1) ctia BC.

qua I(0; 15 1) x y+1 z-1

: - =>di—=——-=——

c6 vectd chi phuong :a = (1;2;—4) 1 2 —4
2x+2y+z-3=0 x=2
Toado M langhiémciahé {x y+1 z-1 <qy=3
11 4 z2=-7

Vay M(2; 3; -7).

Cdch 2: Goi M(x; y; z)
MA =MB
Tacé {MA=MC
Me (o)

2x+2y+z-3=0

x=2
& qy=3 =>M©2;3,-7).
z=-T7

x—02+(y-D*+2z-22=(x-2+(y+2)> +(z-1)?
o {x=-02 +(y-D*+2z-2* =x+2)* +(y-0)? +(z-1)?
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Bai 7:CAO PANG KHOI A, B, D NAM 2008

Trong khong gian véi hé toa dd Oxyz, cho diém A(1; 1; 3) va dudng thing d
¢6 phuong trinh: ? = —Ll =2 ;1
1. Viét phuong trinh mit phing (P) di qua A va vudng géc v6i dudng thang d.

2. Tim toa do diém M thudc dudng thing d sao cho tam gidc MOA can tai dinh O

Gidi

qua A(1; 1; 3)
P):< | ) . — —
¢ vecto phép tuyén npy =ay =(1;-1;2)

Phuong trinh mét phﬁng Prlx-1)-(Fy-1)+2(z-3)=0
Sx-y+22-6=0
2. Goi M(t; —t;2t+ 1) e d
e Tam gidc OMA cintaiO & MO’ =0A* & P+ 2+ 2t+ 1)’ =1+1+9

So6+4t-10=0< t:lvt:—g

e Véit=1toa do diém M(1;—1; 3).
o Véi t=—§ toa d6 diém M[—é;é;—zj.
3 3737 3

Bai 8 :PAI HOC KHOI D NAM 2007

Trong khong gian vdi hé truc toa dd Oxyz, cho hai diém A(1; 4; 2), B(-1; 2; 4)
va dudng thing A: x-l_y+2_z
-1 1 2

1. Viét phuong trinh dudng thing d di qua trong tim G ctia tam gidc OAB va
vudng géc véi mit phing (OAB).
2. Tim toa do diém M thudc dudng thing A sao cho MA? + MB? nhd nhét.

Gidi
1. Toa do trong tim: G(0; 2; 4). Ta c6: OA =(1; 4; 2),0B = (—1; 2; 2)
Vectd chf phuong ca d 12: u=(12; —6; 6) = 6(2;-1;1)
y—-2 z-2

Phuong trinh dudng thing d: % =

2/ ViM e A = M(1 —t; -2 + t; 2t)
= MA?+MB? =+ (6 -0+ 2 -20) + (2 + 0)* + (4 —0)* + (4 - 20))
=126 — 48t + 76 = 12(t -2)* + 28
MA? + MB? nhd nhdt < t = 2. Khi d6 M(~1; 0; 4)
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Bai 9: PAI HOC KHOI B NAM 2006
Trong khong gian vé6i hé truc toa d6 Oxyz, cho di€ém A(0; 1; 2) va hai dudng
thing:

| | x=1+t
X y- Z+
dI:_=_=_; d2: y:—1—2t (tER)
2 1 -1
z=2+t

1. Viét phuong trinh mit phing (P) qua A, déng thdi song song d; va d,.
2. Tim toa do cdc diém M thudc d;, N thudc d, sao cho A, M, N thing hang
Gidi

1. Vectd chi phuong ctia d; va d, 14n lugt 1a: u; = (25 1; 1) va u, =(1; —2; 1)

= vectd phdp tuyén clia (P) a n = [uﬁ,@] =(-1; -3 -5)
Vi(P)qua A0; 1;2) => [P): x+3y+5z-13=0.
Do B(0; 1; -1) € d;, C(1; —1; 2) € d; nhung B, C ¢ (P), nén d,, d, // (P).
Vay phuong trinh mit phing can tim 1a (P): x + 3y + 52— 13 =0

2. ViM ed, N ed, nén M2m; 1+ m; —1—-m), N(1 + n; —1-2n; 2 + n)
= m:(Zm; m; —3—m); m:(1+n;—2—2n; n).
:[m,sz(—mn—Zm—6n—6; —3mn—m—3n-3; —5mn —5m).

AMN thing hang <> [ AM,AN |=0

&m=0,n=-1 =>M(; 1;-1), N©O; 1; 1).

Bai 10: PE DU BI 1 - DPAIHOC KHOI B NAM 2006

Trong khong gian véi hé toa d6 Oxyz hai dudng thing

x=1+t 3 |
X — y— z
Az qy=-1-t As: =7 -_Z
-3y (teR) 2 1 > 1
z=2

1. Viét phuong trinh mit phing chita dudng thing A, va song song vdi dudng
thing A,.
2. Xéc dinh di€m A € A,, B € A; sao cho doan AB ¢6 dd dai nhd nhat.
Gidi

1. A; qua M(1; —1; 2) ¢6 vectd chi phuong a =(1,-1;0)

A, qua M; (3; 1; 0) ¢6 vecto chi phudng @ =(-12:1)
e mp (P) chita A, va song song véi A, nén (p) ¢ vectd phap tuyén:
n=[a.a, |=(- -1 1)
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Phuong trinh: (P): —(x - 1) = (y+ 1)+ (z—-2)=0 (i M(1; -1;2) € (P))
&x+y-z+2=0
2/ AB ngdn nhit < AB la doan vudng géc chung

x=1+t

e Phuong trinh thams6 A : Jy=-1-t AeA =A(l+t-1-t2)
z=2
x=3-t'

e Phuong trinh tham s6 Ay: {y =142t BeA, =>B(3-t;1+2t;t')
z=t'

o AB=(2-t'-t;2+2t'+t;t'~2)

ABLA;, _ [ABa;=0 [(2t+3t'=0 ,
0 nén<__ . = St=t'=0
ABJ_Az AB_a2 :0 3t+6t’:0
= A(l;-1;2); B(3; 1, 0) .
Bai 11:

Trong khong gian vé6i hé toa dd Oxyz cho diém A(—4; —2; 4) va dudng thing
x=-3+2t

diy=1-t
z=—-1+4t

Viét phuong trinh dudng thing A di qua di€ém A, cit va vudng géc véi d.

Gidi
LAy M(=3 +26; 1 —t; —1+ 4t) e (d) = AM = (1 +2t; 3 — t; =5 + 41)
Tacé AM L (d) < AM.ay =0 v6i ay =(2;—1;4)
& 244t-34+t-20+16t=0 & 21t=21 & t=1
Vay dudng thing can tim 1a dudng thing AM qua A c6 vevtd chi phuong la:
x+4 y+2 z-4

AM = (3; 2; —1) nén phuong trinh (A): > ]

v Vin dé 2: HINH CHIEU VA bOI XUNG
A. PHUONG PHAP GIAI

HINH CHIEU

Bai todn 1: Tim hinh chi€u H cla di€ém A trén dudng thing (d).

Phuong phap
e Cdch I: (d) cho bdi phuong trinh tham s6:
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— H e (d) suy ra dang toa do cta diém H phu thudc vao tham sd t.

— Tim tham s& t nh diéu kién AH L ay /6

o Cdch?2: A
(d) cho b&i phuong trinh chinh téc. (d) L
Goi H(x, v, ) "H

- AHLa ) 7

— H e (d): Bién déi i 1¢ thic nay d€ ding diéu kién (%), tir d6 fim dudc x, y, z
e Cdch 3:

(d) cho bdi phuong trinh tdng quit:
— Tim phuong trinh mit phing (o) di qua A va vudng géc véi dudng thing (d)
— Giao diém cia (d) va (o) chinh 12 hinh chi€u H ctia A trén (d).

Bai todn 2: Tim hinh chi€u H clia diém A trén mit phing (o).

Phuong phap
e Cdch 1: Goi H(x; y; z) (d)
- He() (%) A
— AH ciing phuong n,, : Bién ddi ti 1&
thitc nay d€ dung diéu kién (¥), tir d6 tim l H
dudc x, y, z. ~
o Cdch?2:

— Tim phuong trinh dudng thing (d) di
qua A va vudng géc v6i mit phing (o).

— Giao diém ctia (d) va (o) chinh 1 hinh chi€u H clia A trén mit phing (o).

Bai todn 3: Tim hinh chi€u (A) clia dudng thing d xudng mit phing (o).

Phuong phap
— Tim phuong trinh mit phing (B) chita dudng
thdng d va vudng géc vdi mit phang (o).

d
— Hinh chiéu (A) clia d xudng mit phing (A)

o chinh 1a giao tuy€n clia (a) va (B). / /
a

pOI XUNG

Bai todn 1: Tim diém A’ d6i xting v6i diém A qua dudng thing d.

Phuong phap
— Tim hinh chi€u H clia A trén d.
— H1a trung diém AA'.
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Bai todn 2: Tim diém A' d6i xiing vdi di€ém A qua mit phing (o).
Phuong phap
— Tim hinh chi€u H ctia A trén (o).

— Hla trung diém AA'.

Bai todn 3: Tim phuong trinh dudng thing d ddi xting vdi dudng thing (D) qua
dudng thing (A).

Phuong phap
e Truong hop 1: (A) va (D) cit nhau. A
— Tim giao diém M ctia (D) va (A).
— Tim mot diém A trén (D) khéc véi diém M. M (A)
— Tim diém A' ddi xing vdi A qua (A).
— d chinh 12 dudng thing di qua 2 diém A' va M.

D)

e Truong hop 2: (A) va (D) song song:
— Tim mdt diém A trén (D)
— Tim diém A’ d6i xéing véi A qua (A) m! A)

— d chinh la dudng thing qua A' L d

A D)

va song song vdi (A).

Bai todn 4: Tim phudng trinh duding thing d d6i xting véi dudng thing (D) qua
mat phfmg (o).

Phuong phap (D)
e Truong hop 1: (D) cit (o)
— Tim giao di€ém M ctia (D) va (a).

— Tim mot diém A trén (D) khdc vdi diém M. / |
— Tim di€ém A' d6i xiting véi A qua mit phing (o). /(4/[ N /
— d chinh 12 dudng thing di qua hai diém A' va M.

X
o Truong hop 2: (D) song song véi (o). d

— Tim diém A' d8i xting v6i A qua

mit phing (). /

— d chinh 12 dudng thing qua A' va
song song véi (D). d

A A D) A
— Tim mét di€m A trén (D)
1

Aa
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B. DE THI
Bai 1: DPAI HOC KHOI B NAM 2009

Trong khong gian véi hé toa d6 Oxyz, cho mit phing (P): x — 2y +2z-5=0
va hai di€m A(-3; 0;1), B(1; —1; 3). Trong cdc dudng thing di qua A va song
song v6i (P), hiay vié€t phuong trinh dudng thing ma khodng cdch tir B dén
dudng thing d6 12 nhé nhat.

Gidi
Goi A la dudng thing cin tim; A nim trong
mat phﬁng (Q) qua A va song song véi (P)
Phuong trinh (Q): x -2y +2z+1=0
K, H 12 hinh chi€u ctda B trén A, (Q).
Ta c6 BK > BH nén AH la dudng thing cin tim

x-1 y+1 z-3 111 7
Toa d6 H = (x; y; z) théa man: 1 =2 2 :H[——‘—'—j
Xx—=2y+2z+1=0

H{=£%; H; —z)vay, phudng trinh A: X2—+63:1:Z_1

Bai 2: PAI HOC KHOI D NAM 2006
Trong khong gian v6i hé truc toa dd Oxyz, cho diém A(1;2;3) va hai dudng
x—2 :y+2:z—3 L dy: x—l:y—1:z+1'
-1 1 -1 2 1
1/ Tim toa d6 di€ém A' d6i xiing vdi diém A qua dudng thing d,.

thing: d, :

2/ Viét phuong trinh dudng thing di qua A, vudng géc vdi d; va cit d,.
Gidi

1/ Mt phing (o) di qua A(1; 2; 3) va vudng géc véi d; ¢6 phuong trinh 1a:

2x-1)-(y-2)+(z-3)=0 &2x-y+z-3=0.

Toa dd giao diém H ctia d, va (a) 1a nghiém cta hé:

x-2 y+2 z-3 x=0
2 -1 1 ©iy=-1=H(0;-12)
2x—-y+z-3=0 z=2

Vi A' d6i xting v6i A qua d; nén H 1a trung di€m clia AA'= A'(-1;-4; 1)
2/ Viét phuong trinh dudng thing A:
Vi A' ddi xting vdi A qua d; va cit d,, nén A di qua giao diém B clia d, va (o).

Toa dd giao diém B clia d, va (o) 12 nghiém clia hé
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x-1 y-1 z+1 x=2
1 2 1 o{y=—1=B2-1-2)
2x—-y+z-3=0 7==2

Vectd chi phuong ctia A la: u=AB=(1; —3; —5)
1 y-2 z-3
3 5
Bai 3: PE DU BI 1 - PAIHOC KHOI A NAM 2006
Trong khong gian v6i hé truc toa dd Oxyz cho hinh ldng try ding ABC.A'B'C' ¢6
A(0; 0; 0), B(2; 0; 0), C(0; 25 0), A'(0; 0; 2)
1/ Chitng minh A'C vudng géc véi BC'. Viét phuong trinh mit phing (ABC")
2/ Viét phuong trinh hinh chi€u vudng géc clia dudng thing B'C' trén mit
phing (ABC')

Phuong trinh cua A la: X 1_

Gigi
1/ A(0; 0; 0), B(2; 0; 0), C(0; 2; 0), A'(0; 0; 2) = C'(0; 2; 2)
Ta ¢6: A'C=(0;2;-2), BC' =(-2:2:2)
Suyra A'CBC' =0+4-4=0=A'C LBC'
) {A’C 1 BC
Ta co:

, — A'C L (ABC))
A'CLAB

Suy ra (ABC') qua A(0; 0; 0) va c6 vecto phap tuyén la A'C= (0; 2; —2) nén c6
phuong trinh la: (ABC)0(x-0)+2(y-0)-2(z-0)=0<y-2z=0
2/ Tacé: B'C' :ﬁ::(—Z; 2; 0)

Goi (o) 12 mit phing chita B'C' va vudng géc véi (ABC')

= vectd phdp tuyén cla (o) la: n= [?C,TCJ =411 1)

= Phuong trinh (a): 1(x-0)+ 1(y-2)+1(z-2)=0 & x+y+z—-4=0

Hinh chi€u d ctia B'C' 1én (ABC') 1a giao tuyén cta (o) v6i (ABC')

. {x +y+z-4=0
= Phuodng trinh d:
y—2z=0

Bai 4: PE DU BI |

Trong khong gian véi hé toa d Oxyz cho hinh hp chit nhat ABCD AB,C,D,
c6 A trung véi goc toa do O, B(1; 0; 0), D(0; 1; 0), A(0; 0; \/5).

a/ Viét phuong trinh mp(P) di qua 3 di€ém A, B, C va viét phuong trinh hinh
chi€u vudng géc clia dudng thing B,D, 1én mit phing (P).

b/ Goi (Q) 1a mit phdng qua A va vudng géc vdi A,C. Tinh dién tich thiét
dién ctia hinh chép A;ABCD v6i mit phing (Q).
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Gidi

Ta c6: A0; 0; 0); By (150; 2 ); €y (1; 15 §2); Dy (05 15 V2)

a/ rﬁz(l; 0; —\/5),@:(1; 1; —\/5)

= nNp = [ﬁ, AEJ :(\E; 0; 1) z

= (P) qua A; va nhén 1ip lam vectd phép tuy€n
B,

(P): V2(x=0)+0(y—0)+1(z—+2)=0
= 2.x+z—\/§=0
Tac6 BD; =(-1; 1;0)

e Mt phing (o) qua B, (1;0; «/2) BL-

nhan fi, =|fip, B,Dy |=(~L-1;\2) *
l1am vecto phdp tuyén. Nén (o) c6 phuong trinh:
(0):=1(x= 1) = 1(y = 0) + 2 (z 2) =0

& X+y —\/Ez -1=0

DB, ¢6 hinh chi€u 1én (P) chinh 12 giao tuyé&n cta (P) va (a)

X+y—\/§Z—1=O
\/Ex+z—\/§=0
b/ Phuong trinh mit phing (Q) qua A va vudng géc véi A,C:
(Q:x+y-+22=0 (1)
x=0+t (2)
e Phuong trinh A|C: <y=0+t (3) (teR)
z=+2 -2t (4)

e GoiM=A,Cn (Q)thay (2) (3) (4) vao (1) ta dudc

Phuong trinh hinh chiéu 1a: {

=y =

I +t- \E(\E—\Et):OCM:

1
2

Tuong tw A\DN (Q)=N (0; %; g} ;AIBBN(Q) =L (

2

3 3

g

D,
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o AM=(1EE) AL=1(25043) > [AMAL]=L(VENE-2)
N
6

SaaML = %‘[m E]‘ =—

. ﬁ:%(l;—l;o)va W:l(S;—l;\E) = [NL,NM | = ‘gf(ll—ﬁ)

oﬁﬂ
o

SANML = %‘[ﬁm]‘ =2 (dvdy)

Vay dién tich thi€t dién hinh chép A;ABCD véi (Q) la:

G s
S=SpamL +SANLM = 6 ?:— (dvdt)

Bai 5: DE DU BI 2
Trong khong gian véi hé toa dd Oxyz cho cac diém A(2; 0; 0), B(2; 2; 0), S(0; 0; m)
a/ Khi m = 2. Tim toa d diém C d6i xiting vdi gdc toa d6 O qua mit phing
(SAB).
b/ Goi H 1a hinh chi€u vudng géc ctia O trén dudng thing SA. Chitng minh
ring v6i moi m > 0 thi dién tich tam gidc OBH nhd hon 2.
Gidi

a/ Khim =2. Ta cé:
e SA=2(I;0:-1),SB=2(I; I; = 1), n = [ﬂ,@] —4(1; 0; 1)
o Mit phfmg (SAB) qua A(0; 0; 2) va cé n =4(1;0;1), (SAB): x+z—-2=0(1)
e ddiquaOvad.Ll (SAB)= aj=(l; 0;1).

x=t (2)
Phuong trinh tham s6d: {y=0 (3) (teR)
z=t (4)

e I=dn (SAB)tathay (2),(3), @) vaio(1l)=>t=1=1(1;0;1)
e ViC, O d6i xitng qua (SAB) nén I 14 trung di€m OC
Xc =2X1—Xg =2
Yo =2¥1—Yo =0 = C(2;0;2)
Zc =221 -2 =2
b/ e Phuong trinh mit phing (o) qua O va vudng géc SA (nhan SA lam vectd phap
tuyén) (a): 2x —mz=0 (1)
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x=0+2t (2)
e Phuong trinh tham s6 SA: <y =0 3  (teR)
z=m—mt (4)

n,12

Thay (2), (3), (4) vao (1): 4t- m* + m’t=0 = t=—
m”~ +4

:>SAm(0L)=H{ m” o, 4m]

2
— OH= 22m - 0; jm _ 2™ 10:0:2): OB =(2: 2: 0)=2(L: 1: 0)
m”~ +4 m-+4) m~+4

4m

. [OTI, @] = (=2; 2: m)

m? +4

1= — 2m B m* +8m?
e S =—|| OH,OB || = V8+m? =2, |— <2 (dpcm)
AOBH 2‘[ ] m’ +4 m* +8m? +16

Bai 6:
Trong khong gian vé6i hé toa d6 Pécic vudng géc Oxyz cho hai dudng thing:

x=1+t
va Ayqy=2+t

x—2y+z-4=0
Al{ Y
z=1+2t

Xx+2y—-2z2+4=0

a/ Viét phuong trinh mit phing (P) chita dudng thing A; va song song dudng
thing A,.

b/ Cho diém M(2; 1; 4). Tim toa dd diém H thudc dudng thing A, sao cho
doan thing MH c6 do dai nhd nhat.

Gidi
a/ Taco QAl =(2;3;4), aAz =(1;1;2), A, qua M(0; —2; 0)
Mt phing (P) c¢6 vectd phdp tuyén FlAl A, ] =(2;0;-1)
Vay (P) qua M(0; —2; 0), va vectd phéap tuyén 1 =(2;0;-1)
Nén phuong trinh (P):2(x-0)+0(y+2)—-1(z—-0)=0
& 2x-z=0
b/ MH,,, < MH LA, < HIlahinh chi€u cia diém M trén A,
Cdch 1: Goi (Q) 1a mit phing qua M va vudng géc véi A,
Phuong trinh (Q):x+y+2z-11=0
{H} =(Q n A = H(2;3;3)
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Cich2:  MH=(-1+t1+t-3+2t) véi H € A,
Do MH.aa, =0 <t=1. Vaydiém H(2;3; 3).
Bai 7: BE DU BI 2

Trong khong gian v6i hé toa do Bécdc vudng géc Oxyz.

Cho mat phfing P)yrx—-y+z+3=0va2 diém A (-1; -3; -2), B (-5; 7; 12).

a/ Tim toa dd diém A' diém ddi xting v6i diém A qua mit phing (P).

b/ Gii st M 12 mot diém chay trén mit phang (P). Tim gi4 tri nhé nhét cla
biéu thiic MA + MB.

Gidi
al (P):x—y+z+3=0(1)=n,=(1;-1;1)
GoidquaAvad LP= aj=n,=(1;-1;1)

d qua A(-1; -3; =2) ¢6 vectd chi phuong ;{ =(1;-1; 1)

x=—1+t 2)
Phuong trinh d: {y=-3—t (3) thay (2), (3), (4) vao (1) ta dugc: t =—1
z=-2+t 4

Ta cé AA' N (P) = H(-2; -2; -3)
e ViH I trung diém AA' (A'1a diém ddi xing A qua (P)
Xpr =2Xyg —Xp Xp =3
Tacé: Sya =2y —Ya =1ya =—1=A'(-3;-1;-4)
Zp =27y —Zp zp =—4
b/ Goif(x;y;z)=x-y+z+3
« f(1;3;2)=1+3 -2+3=3>0

= A, B cling phia ddi véi (P
. f(-5 7 12)=—5—7+12+3=3>0} chng phia do1 vdi (F)

Do A, A' d6i xting qua (P) = MA = MA'

Ta cé: MA+MB=MA'+ MB>AB =18

Vay gid tri nhd nhat clia MA + MB = 18 x4y ra <> A, B, M thing hang
& M=AB N (P) = M(—4: 3; 4).
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v Van dé3: KHOANG CACH VA GOC
A. PHUGNG PHAP GIAI

KHOANG CACH

Bai todn 1: Tinh khodng cich tir diém M(xo, Yo, o) d&€n mit phing ().
Ax+By+Cz+D=0 (A*+B*+C*#0)

Phuong phap

Axy +Byy, +Czy +D

(M ()= A0t B0 2 Co £
x/A2+B2+C2

‘ Bai todn 2: Tinh khodng cdch tir diém M dén dudng thing (A).

Phuong phap
— Tim hinh chi€u H cla M trén (A).
— Khodng cich tit M dén (A) chinh 1a dd dai doan MH.

‘ Bai todn 3: Tinh khodng cich giita 2 dudng thing song song d; va d,.

Phuong phap

— Tim mot diém A trén d.

— Khodng cich giita d, va d, chinh 1a khodng céch tir diém A dén d,.

Bai todn 4: Tinh khoang cdch giita 2 mit phing song song

(v): Ax+By+Cz+D; =0
Va (B): Ax+By+Cz+D,=0
Phuong phap
Khodng cdch gitta (o) va (B) dugc cho bdi cong thife:
d((a).(B)) = |?l _12)2| =
A“+B"+C
Bai todn 5: Tinh khodng cdch giita 2 dudng thing chéo nhau d; va d,.
Phuong phap
e Cdch I:

— Tim phuong trinh mit phing () chita d; va song song véi d,.
— Tim mot diém A trén d,.

— Khi @6 d(d;, dp) = d(A, (o))

o Cdch?2:

— Tim phuong trinh mit phiing (o) chita d; va song song véi dy.
— Tim phuong trinh mit phing (B) chita d, va song song véi d,.
— Khi d6 d(d;, d») = d((o), (B))
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+ Ghi chi:
Mt phing (o) va (B) chinh 12 2 mit phing song song vdi nhau va lan lugt

chira d; va d,.

e (Cdch 3:

— Viét d, duéi dang phuong trinh tham s6 theo t;.

— Viét d, duéi dang phuong trinh tham s theo t,.

— Xem A € d; = dang toa do A theo t;.

— Xem B € d;, = dang toa dd B theo t,.

— Tim vecto chi phuong a; , a, 1in lugt cia d; va d,.

— AB la doan vudng géc chung d; va d,.

ABla; X
&< - timdudc t; va t,.
AB 1l a,

— Khi dé d(dl, dz) =AB

‘[al’aZJ'WQ‘

[a2:]
GocC

Cho 2 dudng thing d va d' ¢c6 phuong trinh:

e Cdch4: d(dl’dZ):

g X7%0 _Y~7Yo _277%0 @+b*+c*#0)
a b C
3T YT I (2 2 )
a b C

Cho 2 mit phing o va B c6 phuong trinh:
(a): AX+By+Cz+D=0 (A’ +B*+C*#0)
(B): Ax + By +Cz+D' =0 (A'2 +B2+C? 2 o)
1. Géc giita hai duong thingd va d':
|aa’ +bb’' + cc’|
\la2 +b% +c? .\/a'2 +b? +c?
2. Géc giita hai mit phang (o) va (B):
|AA’+BB'+CC/|
JA2 + B2 +C? A2 +B? +C72
3. Géc giita hai dudng thing d va mit phing (o):

cosQ =

cosQ =
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|Aa +Bb+ Cc|

sing =
\/Az +B>+C? .\/az +b%+c?

B. DE THI
Bai 1: PAI HOC KHOI A NAM 2011
Trong khong gian vé6i hé toa d6 Owxyz, cho hai diém A(2; 0; 1), B(0;-2; 3) va
mit phing (P): 2x —y—z+4=0.
Tim toa d6 diém M thudc (P) sao cho MA = MB = 3.
Gidi

Gia st M(x; y; z).

e Me(P)e2x-y—-z+4=0 (1).

e MA=MBo (x-2+y' +(z-1)’=x*+(y+2)*+(z-3)°
&Sx+y—-z+2=0 2).

2x—y—-z+4=0 -y—-z=-2x-4
X—-y-—z @{ y—-z X (a)

o Tir(l)va(2 6
U()Va()taco{ y—Z:—X—2 (b)

X+y-z+2=0

3x+6

. 2 .
Lay (a) trir (b) dugc: y = % .Lay (a) cong (b) dugc: z =

e MA=3& x-2 +y +(z-17=9
2 2
@(X_2)2+ X+2 + 3X+6_1 -9
2 2

6
= 14x2+12x=0<:>x=0ho:51cx:—7

Véix=0,suyray=1vaz=3.
Vé6ix = —9 , suy ra i 32—2
7 Y=g 7
6 4 12
VayM(@; 1;3)hayM| ——; —; — |.
1y M( ) hay (7 7 7)

Cdch 2 :
e MA = MB < M niim trén mit phing trung truc (Q) clia doan AB
e Mit phing (Q) di qua trung diém I(1; —1; 2) clia doan AB va c6 véctd phap
tuyén la IA = (1; 1 —1) nén c¢6 phuong trinh x +y—-z+2=0.
e Mit khdc M con nim trén mit phing (P) nén M nim trén giao tuyén A clia
(P) va (Q)
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e Giao tuyén A di qua A(0; 1; 3) va c6 vécto chi phuong 5:(2; 1;3) nén c6
X =2t
phuong trinh {y =1+t (teR)
z=3+3t
e ViMe Anén M(2t; 1 +t; 3 + 3t)

e MA=3<(2-202+(-1-0+(-2-3t>=9<t=0hodct= -%

6 4 12
Vay M(0; 1;3) hay M| ——; —; —
y M( ) hay ( 77 7}
Bai 1: PATHOC KHOI B NAM 2011
Trong khong gian vdi hé toa do Oxyz, cho dudng thing N N 2 =7 J;l _il va

mit phing (P): x +y + z— 3 =0. Goi I 12 giao diém ctia A va (P). Tim toa d6 diém
M thudc (P) sao cho MI vudng géc v6i A va MI = 4\/ﬁ.

Gidi
e 11a giao di€m cda A va (P) nén toa do I 12 nghiém clia hé phuong trinh:

x=2 y+1
x-2 y+l 7z 1 2 x=1
I 2 -l e{y+l z edy=1.Suyra: I(1; 1; 1).
Xx+y+z-3=0 2 -1 z=1

X+y+z-3=0
e Gia st M(x; y; z), thi: K/Iz(x—l;y—l;z—l).
e Véctd chi phuong clia dudng thing A 1a: a = (1, -2;-1).
e Theo gia thiét ta c6:
HMeP)eox+y+z-3=0 (D)
HMILAS IMLlaeMa=0e 1(x—-1)=2(y—1)=1(z=1)=0
Sx-2y-z+2=0 2).
HMI= 414 o (x-1) +(y-1)* +(z-1)" =224 3).
e Lay(1)cong (2)tadudc:2x—y—1=0<y=2x- 1.
e Th€y=2x-1vao(l)tadugc:x+(2x—1)+z-3=0<z=4-3x.
e Th€y=2x-1vaz=4-3xvao (3) ta dugc:
2
(x=1)" +(2x-2)* +(3-3x)* =224 & (x-1) =16 x =5 hojec x =3 .
Véix=5thiy=9vaz=-11.V6ix=-3thiy=-7vaz=13.
Vay M(5;9; —11) hodc M(-3; -7; 13).

250



Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

Bai 1: PAI HOC KHOI A NAM 2010

Trong khong gian toa d6 Oxyz, cho dudng thing A:XT_1 :%: Z+12 va mit
phing (P): x — 2y + z = 0. Goi C la giao di€m clia A v6i (P), M 1a diém thudc A.
Tinh khodng cdch tit M dén (P), biét MC = 6 .

Gidi
Taco: CeAnénC((1+2t;t;-2-t)vlite R
Ce@Pnén(1+2t)-2t-2-t=0&<t=-1.Dodé C(-1;-1;-1)
MeA nénM(1+2m;m;-2-m) (me R)
MC’=6 = (2m+2°+m+ 1)’ +(m-1’=6<6m+1)’=6m+1=+I
< m=0hay m=-2
Vay M, (15 0; =2) ; M, (=3; -2; 0)

|-3+4+0] 1

e

[1-0-2|
Do d6: d (M, (P)) = ; d (M, (P) =

B

Bai 2: DAl HOC KHOI B NAM 2010

Trong khong gian toa dd Oxyz, cho cic diém A (1; 0; 0), B (0; b; 0), C (0; 0; ¢),
trong d6 b, ¢ duong va mit phing (P): y — z + 1 = 0. Xdc dinh b va c, bié€t mit
phing (ABC) vudng géc vSi mit phing (P) va khodng cach tir diém O dén mit

phing (ABC) bing %

Gidi

y

Phuong trinh mit phing (ABC): %+ ™ +2-1 obex+ cy+bz—-bc=0
c

nen —— ¢ 1 Lol plipie

1
3 Vb2 +b +¢?

Vid (O, ABC) =
< b+’ =8b%? (1)

(P): y—z+ 1 =0 c6 vectd phap tuyén 1a ﬁ(p) =(0;1;-1).

(ABC) c6 vecto phap tuyén la n= (bc; ¢c; b).

Vi (P) vudng géc véi (ABC) nén n Lnp <>nnp =0 <Sc—b=0 2).

Tir(l),(2)V€1b,c>0suyra:b=c:%

Bai 3: DPAI HOC KHOI B NAM 2010

Trong khong gian toa dd Oxyz, cho dudng thing A: %:yT_l zg. Xdéc dinh

toa do diém M trén truc hoanh sao cho khodng cdch tir M d&n A biing OM.
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Gidi
Tacd M e Ox < M (m; 0; 0) (me R ) suy ra OM =Iml .
DPudng thing A qua N (0; 1; 0) va c¢6 vectd chi phuong a=(2;1;2).
NM = (m;—1; 0) = [5, NT\/[]:(z; 2m; —2—m)

Ta c6:d (M, A) =OM < W:OM =3 —W=|m|
a

&4m’ - 4m-8=0<m=-1haym=2.
Vay M (-1; 0; 0) hay M (2; 0; 0) .
Bai 4: PAI HOC KHOI D NAM 2010

Trong khong gian toa d6 Oxyz, cho hai mit phdng (P): x +y +z -3 =0 va
(Q): x —y + z — 1 = 0. Viét phuong trinh mit phing (R) vudng gécvéi (P) va (Q)
sao cho khodng cich tir O d&n (R) bing 2.

Gidi
Mit phing (P) 6 vectd phap tuyén la np) =(1; I; 1).
Mit phing (Q) ¢6 vectd phdp tuyén 1a m(q) = (L—1; 1).
Mit phing (R) vudng géc véi (P) va (Q) nén c6 vecto phap tuyén la
Ky =[nep)» m@ |=20:-2)=2(1; 0:-1)
Do d6 phuong trinh (R) c6 dang : x —z+ D =0.

D
Ta ¢6: d (O; (R)) =2 @u:ZQD:inﬁ.

2
Vay phuong trinh (R): x—z+2\ﬁ: 0 hay x—z —2\52 0
Bai 5: bPAIHOC KHOI D NAM 2010

Trong khong gian toa dd Oxyz, cho hai dudng thing
x=3+t

Az Jy =t va Ay =—=

z=t

X4c dinh toa d6 di€ém M thudc A, sao cho khodng cich tit M dén A, biing 1.

Gidi
MeA =>MQB+tt;t)
A; qua A(2; 1; 0) va ¢6 vecto chi phuong 5 =2 1; 2).
Taco: AM=(1+t; t—1; t) =[ay,AM]=(2—t; 2; t—3)
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Gi3 thi€t cho: d(M; Ay) =1

@\[i, AM]| e V@07 +4+(1-37 _

— 1
‘az‘ Ja+1+4
22 —10t4+17 =3 =2 —10t +8 =0
< t=lhayt=4
t=1=>M@4; 1I; 1);t=4=>M(7; 4, 4)
Bai 6: CAO DANG KHOI A, B, D NAM 2010
Trong khong gian vdi hé toa do Oxyz, cho dudng thing d: % :yT—l :%Vé

mit phing (P): 2x —y + 2z -2 =0.

1. Viét phuong trinh mit phdng chita d va vudng géc véi (P).

2. Tim toa d6 diém M thudc d sao cho M céch déu gdc toa d6 O va mit phfmg (P).
Gidi

1. dqua A (0; 1; 0) c6 1 vecto chi phuong 1a ag =(=2; 1; 1)

(P) 6 1 vecto chi phuong Ia np) = (2;-1;2)

(o) chtra d va vudng géc véi (P) nén:

(o) qua A (0; 1; 0) va c6 1 vecto chi phuong:

N =[ 8@, ne | =305 2 0)

Phuong trinh mét phéng ():x=0)+2(y-1)=0 ©x+2y-2=0
2. Med=>M (=2t 1 +¢; 1)

M céch déu O va (P) < OM =d (M, (P))
P20-0+0n+2(0-2

Na+1+4
e 62 +2t+1 =t+1 < t=0= M (0; 1;0)

Bai 7: PAI HOC KHOI A NAM 2009
Trong khong gian vdi hé toa dd Oxyz cho mit phing (P): x — 2y +2z—-1=0
va hai dudng thing A;: x+l =X=Z+9 ; A x-1_ y=3 = z+1
1 1 6 2 1 -2
dd diém M thudc dudng thing A, sao cho khodng céch tir M dén duding thing A,
va khodng cdch tit M d&€n mit phing (P) bing nhau.
Giai
A» qua A(1; 3; —1) va ¢6 vectd chi phuong u =(21-2)
Me A= M(-1 +t;t; -9 +61)
MA =(2-;3-1;8-6t), | MA, u| = (8t—14; 20— 14t; t - 4)

C>QM€441+02+€

. Xac dinh toa

253



Hu6ng dén gidi CDBT tii cic DTQG Toén hoc —

= \[m ﬁ]‘ —3y29t% — 88t + 68

[M4.4]

L 292 — 88t +68
g

CFle-2t+12e-18—1]  [11e-20|
\/12+(—2)2+22 3

. 11t —20]
Gi thiét suy ra: 29> — 88t + 68 = %

&35 - 88t+53=0 @tzlhoéct:%

Khodng cdch tif M dén Ay: d(M,A, )=

Khodng céch tit M dén (P): d(M,(P))

T35 35° 35" 35
Bai 8: PAI HOC KHOI B NAM 2009

I
Tac6 t=1=M(0; 1 -3); t—53:M(_8' 23, ij

Trong khong gian vdi hé toa dd Oxyz, cho tit dién ABCD ¢6 cac dinh A(1; 2; 1),
B(-2; 1; 3), C(2; —1; 1) va D(0; 3; 1). Viét phuong trinh mét phﬁng (P)diqua A, B
sao cho khodng cdch tir C dén (P) biing khodng céch tir D dén (P).

Gidi
Mit phing (P) thda mén y&u ciu bai toan trong hai trudng hop sau:
Truong hop 1: (P) qua A, B va song song véi CD
Vectd phép tuyén ca (P): n= [TB,@]
AB=(-3;-1;2),CD=(-2;4;0)=>n=-2(427)
Phuong trinh (P): 4x + 2y + 72— 15=0
Truong hop 2: (P) qua A, B va cit CD. Suy ra (P) cit CD tai trung diém I ctia CD.
Tac6I(1;1; 1) = Al =(0; —1; 0) ; vectd phép tuyén cia (P):
n=[AB, Al |=(2; 0;3)
Phuong trinh (P): 2x +3z-5=0

Vay (P): 4x + 2y + 7z — 15=0hodc (P): 2x +3z-5=0
Bai 9: BPAIHOC KHOI A NAM 2008

Trong khong gian vé6i hé toa d6 Oxyz, cho diém A(2; 5; 3) va dudng thing

2 1 2
1/ Tim toa d6 hinh chi€u vudng géc ciia diém A trén dudng thing d.

d:x—1=y=z—2
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Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

2/ Viét phuong trinh mit phing (o) chita d sao cho khodng cdch tir A dén
(o) 16n nhAat.

Gidi
1/ Goi H(1 + 2t; t; 2 + 2t) € d.
e AH=Qt-Lt-52t-1)
e Vectd chi phuong cla d: a=(2; 1; 2)

e Yéucdubiitodn: AH La <22t— 1)+ (t—5)+2(2t—1)=0
& t=1= H(3; 1;4) la hinh chi€u ciia A 1én d.
e o X=2y-1=0
2/ Phuong trinh tong quét cua d:
2y—-z+2=0
Céch 1: (o) chita d nén: (): m(x — 2y — 1) +n(2y — z+2) =0 (m” + n* # 0)
Smx+(2n-2m)y-nz-m+2n=0

|—9m + 9n|

d(M,(a)) ) \/sz +5n% —8mn

Vi (a) chita d va d(M, (o)) 16n nhat = d(M, (o)) = AH
9n-9
| 2 m| =J1+16+1
\/sz +5n% —8mn

< 9(n-m)* =2(5m* + 5n° - 8mn) & m’> +n’ +2mn =0

Chonn=-1=>m=1
Viy (a): x—4y +z—-3=0.
Cich 2: Mit phing (o) chita d va d(A; (o)) 16n nhat
& (o) di qua H va vudng géc AH.
{ di qua H(3; 1; 4)
()9 ) P
c6 vecto phap tuyén: AH=(1; —4; 1)
= Phuong trinh (a): 1(x-3)-4(y-1)+1(z-4)=0<=x-4y+z-3=0.
Bai 10: PAI HOC KHOI A NAM 2006

Trong khong gian véi hé toa do Oxyz, cho hinh 1dp phuong ABCD.A'B'C'D'
v6i A(0; 0; 0), B(1; 0; 0), D(0; 1; 0), A'(0; 0; 1). Goi M va N lan lugt 1a trung diém
cia AB va CD.

1/ Tinh khodng c4ch giita hai dudng thing A'C va MN.

2/ Viét phuong trinh mit phing chita A'C va tao vdi mit phing Oxy mot géc

e 1
o biét coso. = —.

NG
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Hu6ng dén gidi CDBT tii cic DTQG Toén hoc —

Gidi
1/ Goi (P) 12 mit phing chita A'C va song song v6i MN. Khi dé:
d(A'C, MN) =d(M, (P)).

Ta ¢6: C(1; 1;0),MG; 0; oj, N(%;l; o}, A'C=(1; 1; - 1), MN(0; 1; 0)

1 -1 |-1 1| 1 1
£ 4 e
0 0|01

10

B

o

Mt phing (P) di qua diém A'(0; 0; 1), ¢6 vectd phép tuyén n = (1; 0; 1) c6 phuong
trinhla: 1.(x-0)+0.(y-0)+ 1.z-1)=0=x+z-1=0.

% +0- 1‘ !
Vay d(A'C, MN) = d(M, (P)) = -
JZio2+2 22
‘[FC’,WN]A'M

1
Cdch khdc: AA'CMN)y= = 1 _
‘[A‘C,MN]‘ 22
2/ Goi mit phing cAn tim 12 (Q): ax + by +cz+d =0 (a®+b”+c*>0).
c+d=0

Vi (Q) di qua A'(0; 0; 1) va C(1; 1; 0) nén <c=-d=a+b
a+b+d=0

Do d6 phuong trinh (Q) c6 dang: ax + by + (a+b)z—(a+b) =0
Mt phing (Q) c6 vectd phap tuyé&n n= (a;b; a+b)
Mt phing Oxy c6 vectd phap tuyén k=(0;0; 1)

Vi g6c gitra (Q) va (Oxy) la o ma coso = L nén ‘cos(ﬁ,f()‘ =

\E
|a+b|

=S =L o 6a+b)? =26 +b? +ab)
Ja2+b> +@+b? V6
< a=-2bhoiacb=-2a.
Véia = —2b, chon b = -1, dugc mit phing (Q)): 2x —y+z—1=0
Vi b =—2a, chon a = 1, dudc mit phing (Q,):x -2y —z+1=0
Bai 11: BE DU BI 2- PAI HOC KHOI D NAM 2006

%

Trong khong gian véi hé truc toa do Oxyz cho A(1; 2; 0), B(0; 4; 0), C(0; 0; 3)

1/ Viét phuong trinh dudng thing qua O va vudng géc vdi mit phing (ABC)

2/ Viét phuong trinh mit phing (P) chita OA sao cho khodng cédch tir B dén
(P) biing khodng cdch tir C dén (P).

256



Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

Gidi

1/ Tacé: a, = [ATB,/TC] = (6; 3; 4). Nén phuong trinh A qua O va vudng géc (ABC)

2/ (P): Ax+By+Cz+D=0;(A*+B”+C*#0)
e O c(P:=D=0
e Ae(P=A+2B=0=>A=-2B
e d(B; (P)) =d(C; (P)) < |[4B+D|=[3C+D| = 4B=43C
e ChonC=4=B=3;A=-6=(P)): —6x+3y+4z=0.
e ChonC=-4=B=3;A=6=(P,):6x+3y—4z=0.
Bai 12: PAI HOC KHOI A NAM 2005

Trong khong gian véi hé toa do Oxyz cho dudng thing

4 x—1 :y+3:z—3
-1 2

a/ Tim toa d6 diém I thudc d sao cho khodng cach tir I d€n mit phing (P) bing 2.

va mit phing (P): 2x +y—22+9=0

b/ Tim toa dd giao di€m A ctia dudng thing d va mit phing (P). Viét phuong
trinh tham sd clia dudng thing A nim trong mit phing (P), biét A di qua A va
vudng gbc vdi d.

Gidi
x=1-t

a/ Phuong trinh ctia tham s6 clia d: Jy =3+ 2t (teR)
z=3+t

|-2t+2]
led=1(1-t-3+2t3+1), d(L(P))= 3

t=
d(I,(P)):2<:>|1—t|=3<:>L__2

Vay c6 hai diém 1,(=3; 5; 7), L(3; =7; 1).
b/ ViA ednén A(l —t; -3 +2t;3 +1).
Tac6Ae(P)2(1-0)+(-3+20)-2@3+t)+9=0<t=1.
Viy A(0; —1; 4).
Mit phing (P) ¢6 vecto phép tuyén n=(2; I; —2).
Pudng thing d c6 vectd chi phuong u=(-12;1).
ViAc (P)va ALdnén A cé vectd chi phuong u, = [ﬁ, ﬁ] =(5;, 0; 5) = 5(1;0;1).
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Hu6ng dén gidi CDBT tii cic DTQG Toén hoc —

X=t
Phuong trinh thams6 A: {y=-1  (teR)
z=4+t

Bai 13:

Trong khong gian v6i hé toa do Oxyz cho hinh chép S.ABCD c¢6 diy ABCD
1a hinh thoi, AC cdt BD tai goc O. Biét A(2; 0; 0); B(0; 1; 0); S(0; 0; 2/2).
Goi M 1a trung diém cia canh SC.

a/ Tinh géc va khodng cdch giifa hai dudng thing SA, BM.

b/ Gia st mit phing (ABM) cit dudng thing SD tai diém N. Tinh thé tich
kh&i chép S.ABMN.

Gidi
Cdch 1:
Tir gi4 thiét suy ra SO L (ABCD).
SA=SC=23
a/ Tacé OM// SA = (SA,MB) 12 OMB

OB 1L (SAC) = OB L OM

AOBM c¢6 tan OMB = %
oM

~ anOMB = —— = OMB = 30

B
VEOH L SA = OH_LOM va OH L OB
— OH L (OMB)
Vi SA // OM = SA // (OMB) = d(SA, MB) = d(H, OMB) = OH = %.

b/ (ABM) " SD=N = N la trung diém SD

Vspy _ SM SN _ 1 ! !

Vepep  SC SD 4 'SMNB T ¥SBCD T g FSABCD

1
Tuong tw: Vgapn = ZVSABCD

Ta cé:

3

Vay Vgapmn = Vsmng + Vsasn = gVSABCD =

ACBD.SO

N | =

oo | W
W | —

= %4.2.2& =2 (dvto).
Cdch 2 : Gidi bing hinh gidi tich.
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Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

a/ O la trung diém cta BD = D(0; —1; 0), O 1a trung diém AC = C(-2; 0; 0)
M 12 trung diém SC = M(-1; 0; V2)
SA =(-2;0;242) BM =(-1:-1; ¥2)
Goi ¢ 1a géc nhon tao bdi SA va BM.
2+0+4
| B ¢ =30

COSP = ——————=
Ja+8J1+1+2 2
Goi (o) 1a mit phﬁng chita SA va song song v6i BM = pt (o): \/Ex +z— 2\/5 =0

26

Ta cé d(SA, BM) =d(B, (o)) = =

b/ Phuong trinh mit phing (ABM): \2x + 22y +3z-22 =0

x=0
Phuong trinh tham s6 ctia dudng thing SD {y =—1—t
zZ= —Z\Et

N Ia giao di€m cta SD va mp(ABM) = N(O; —%; Jij
BS=(0;-1;242) BA=(2-1,0)
. 3 I
BN:(O; -5 \Ej BM = (-1 ~1; 2)
| BS, BN |=(212; 0; 0)=|BS, BN |BA =42 va | BS,BN |BM =22
1 1
VsaBMN = VsaBN + VspmN = 64\5 +E-Z\E =2 (@vw.
Bai 14:
Trong khong gian véi hé toa do Oxyz cho hinh ling tru ding ABC.AB,Cy,
biét A(a; 0; 0), B(—a; 0; 0), C(0; 1; 0), By(a; 0;b)a >0, b > 0.
a/ Tinh khodng cdch giita hai dudng thing B,C va AC, theo a, b.
b/ Cho a, b thay d8i nhung ludn ludn thda mian a + b = 4.

Tim a, b d€ khodng céch giita hai dudng thing B,C va AC, 16n nhat.

Gidi

a/ Ci(0; 1;b)
Goi (o) 12 mit phing chita B, C va song song véi AC;.
B/C=(a;1;-b); CA=(a;-1;-b) & [ﬁ?,@} =(-2b; 0; —2a)
Suy ra phuong trinh (a): 2b(x—-0)+0(y—-1)—-2a(z-0)=0< bx+az=0
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Hu6ng dén gidi CDBT tii cic DTQG Toén hoc —

\la2 +b? ) xjaz +b?
[BCAC]AC 4

[B.C.AC] v

Tac6 d(B,C,AC,)=d(A,a)= |ab] ab

Cdch khdc: d(B1C, AC, ) = ‘

ab ab Jab _a+b 4
b/ Tacé d= < = < = -2
Ja2+p2 N2ab 2 22 22
a=b

Maxd=+2 xdyra < {a+b=4 <a=b=2.

a>0,b>0
Bai 15:

Trong khong gian vdi hé truc toa d6 Pécdc vudng géc Oxyz. Cho hai diém

A(2; 0; 0); B(0; 0; 8) va diém C sao cho AC = (0; 6; 0). Tinh khodng céch tir
trung di€m I ctia BC dén dudng thing OA.

Gidi
X, =2
AC =(0;6;0) = 1y, =6 < C(2;6;0)
z.=0
I1a trung diém BC =1 (1; 3; 4)
x =2t
Phuong trinh tham s6 OA {1y =0
z=0
(@)qual L OA =(2,0,0)nén (a):2x-1)=0 < x-1=0
x =2t
x=1
Toa dd {H} =0A N (o) thda: zzo <3y=0 < H(;0;0)
x-1—0 *=0

41, OA) = TH = \[(1-1)* +(0-3)? +(0-4)> =5.
[oi04]
Cdch khdc: d(I, OA) = =——— =

__J =5
[o4]

Bai 16: PE DU BI 1

Trong khong gian vdi hé toa do Pécac vudng géc Oxyz. Cho tit dién ABCD

véi A(2; 3; 2), B(6; —1; =2), C(~1; —4; 3), D(1; 6; —5). Tinh géc giita hai dudng
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Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

thing AB va CD. Tim toa d6 diém M thudc dudng thing CD sao cho tam giic
ABM c6 chu vi nhd nhAt.

Gidi

AB=(4-4-4),CD=(2;10; -8)
. K’B.CT):O:(?B; CT))=90° — AB_LCD
e Tim M e CD @€ chu vi A ABM 1a AB + AM + MB nhd nhat

Vi AB khong d6i nén chu vi AABM nhd nhit <> AM + MB nhé nhat
e Goi (o) chita AB va (a) L CD, (o) n CD =M, M la diém can tim
e (o) qua A(2; 3; 2) ¢6 vectd phap tuyén n=CD = (2; 10; —8)

Phuong trinh (o)): 2(x — 2) + 10(y — 3) — 8(z—2) =0

&x+5y-42-9=0(14) A
Phuong trinh ctia CD qua C(-1; —4; 3)
¢6 vecto chi phuong a= l@ =(1;5-4)
2 B D
x=—1+t )
y=—4+5¢ ) M
7=3—4t 3) C

Thay (1), (2) (3) vao (4) ta dugc t=1= M(0; 1; -1)
Bai 17: BPE DU BI 2

Trong khdng gian v6i hé toa dd Pécac vudng géc Oxyz. Cho hai diém 1(0; 0; 1);
K(3; 0; 0). Viét phuong trinh mit phing di qua hai diém I, K va tao v6i mit phing
(Oxy) mot géc bing 30°.

Gidi

e Goi(a) qual, Kva (o) tao (Oxy) géc 30°

Phuongtrinh(a):%+%+%=l(b¢0); I
— (11
Suyran, =|—;—;1
yrang=[3igi )
Mt phidng Oxy c6 vectd phdp tuyén: k= 0;0; 1)
— X
ng.k 2
cos(on,(Oxy))z_a _‘ Rt ;zﬁ@Lzé
I |K] 11 2 T 10b2+9 4
—+—+1
9 b2
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Hu6ng dén gidi CDBT tii cic DTQG Toén hoc —

- 2 3 32 1
b= N2 o X2 2
2 3 321

v Véin dé 4:
VI TRi TUGNG POl CUA PUGNG THANG VA MAT PHANG
A. PHUGNG PHAP GIAI

VI TRi TUGNG D81 CUA HAI MAT PHANG
Cho hai mit phing o va B ¢6 phuong trinh:
(0): Aix + By + Ciz+D; =0 (Af +B+C2 ¢0)

(B): Aox + Boy + Coz+ D, =0 (A3 +B3+C3 #0)

Goi nT = (A;; Bi; C)), n, = (Ay; By; Cy) 18n lugt 12 vectd phdp tuyén ciia 2
mit phiang trén va M 12 mot diém trén mit phing (o).

— (o) cit (B) < n; vd n, khong ciing phuong

nT va n—z cung phuong

— (o) song song () < {

Me(B)
. n, va n—cﬁngphlmng
~ (@) tring (B) { N
Me(B)
Néu A,, B,, C,, D, # 0 thi ta ¢6 cich khac:
- (Q)Cét(B) SA B :Ci#AxB: G

A B D
(a)songsong([})@—lz_lzﬁi_l
A, By, G D
A _B_G _ D

Ay By G Dy

— (o trung (B)

V| TRi TUGNG pOI CUA HAI PUGNG TH;‘Z\NG
e Cdch I: Xét hé phuong trinh toa do giao di€ém clia hai dudng thing d, va d,
— Hé c¢6 mot nghiém duy nhat: d; cit d,.
— Heé ¢6 vo6 s6 nghiém: d; va d, tring nhau.

— Hé vo nghiém:

+ adl va Eldz cung phuong: d; // d,
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Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

+ édl va gldz khong cuing phuong: d; va d, chéo nhau.
o Cdch2:
— Tim vectd chi phuong édl , adz clia d; va d,
— Tim diém A € d; va B € d,.
+ adl va 5d2 cling phuong <A€ dardi=da
Agdy:di/ dy
[adl, ad, ].ﬁ =0: d; cdt d,
+ aq, va ag, khong cling phuong <[gd1, ad, JHB’ #0: d;chéo d,
VI TRi TUGNG DOI GITA BUSNG THANG VA MAT PHANG
o Cdchl:
Xét hé phuong trinh toa do giao di€m clia dudng thing d va mit phing .

— Heé v6 nghiém: d// (o)

— Heé c6 nghiém duy nhat: d cit (o).
— Heé vo s6 nghiém: dc (o).
o Cdch?2:

Tim vecto chi phuong u clia a, vectd phap tuy&n n clia (o)) va tim diém A e d.
— un=#0 (ﬁ khong vudng géc ;1): dcit(q).

JAZ(a):d/ (o)

— G;IZO(IEJ_I;) \AE(OL):dC(a)

B. BE THI
Bai 1 : CAO PANG KHOI A, B, D NAM 2011
Trong khong gian véi hé toa do Oxyz, cho hai diém A(-1;2; 3), B(1; 0; -5) va
mat phzzlng (P): 2x +y — 3z -4 =0. Tim toa d0 diém M thudc (P) sao cho ba diém
A, B, M thing hang.

Gidi
X=-1+t
Phuong trinh AB <y=2-t . Me AB= M(-1+t;2—1;3—4t)
z=3-4t

Me(P)=>2(t—-1)+(2—t)—3(3—4t) —4=0 =t =1. Vay M(0; 1; 1).
Bai 1 : DPAI HOC KHOI D NAM 2009
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Trong khong gian vdi hé toa Oxyz, cho cdc diém A(2; 1; 0), B(1; 2; 2), C(1; 1; 0)
va mit phing (P): x + y + z — 20 = 0. Xdc dinh toa do diém D thudc dudng thing
AB sao cho dudng thing CD song song vSi mit phing (P).

Gidi

Xx=2-t

AB =(_1; I; 2), phuong trinh AB:<y =1+t
z=2t

D thudc dudng thing AB=D(2 —t; 1 +t;2t) = CD= (1-t; t; 2t)
Véctd phép tuyén clia mit phing (P): n=(1; 1; 1)

Cg (P)nénCD/(P)< nCD=0 < 1.(1 )+ L.t+ 12t=0t = -5

51
Vay D| —; —;—1.
iy D351

Bai 2 : PAI HOC KHOI A NAM 2007
Trong khong gian véi hé toa d6 Oxyz, cho hai dudng thing

. 5 x=-1+2t
x y-1 z+ N
di—=—= va dyiiy=1+t
12 ) 1 21y

z=3

1/ Chdng minh ring d, va d, chéo nhau.
2/ Viét phuong trinh dudng thing d vudng géc v6i mit phing
(P): 7x + y — 4z = 0 va cit hai dudng thing d,, d,

Gidi
1/ + d; qua M(0; 1; =2), c6 vectd chi phuong uT(2; -1
d; qua N(-1; 1; 3), ¢6 vectd chi phuong 6(2; 1; 0)
+ [uuy =1 2 4va MN=(-1; 0; 5)
+ [ui@] .MN =21%0=d, va d, chéo nhau.

2/ Gi strd citd,va d,lan lugttai A, B. ViA € d;, B € d, nén
AQ2s;1—s8;-2+5s),B(-1+2t; 1 +t;3) = TB:(Zt—ZS—l; t+s;—s+5)
(P) ¢6 vectd phap tuyén n=(7; 1; —4).

Laido AB L (P) < AB cung phuong vé6i n
o 22— _ths  —s+5 @{5t+9s+1:0 {s:l

=
7 1 —4 4t+3s+5=0
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= A(2; 0; -1), B(-5;-1; 3).
Phuong trinh cta d 1a: x=2_y_z+l
7 1 —4

Bai 3: BE DU BI 1 PATHOC KHOI D NAM 2006

Trong khong gian vdi hé toa dd6 Oxyz mit phing (P): 4x — 3y + 11z — 26 =0
va hai dudng thing:

g X oy=3_z+l Xo4_y_2°3
-1 2 3 1 1

1/ Chdng minh d,; va d, chéo nhau.

2/ Viét phuong trinh dudng thing A niim tén (P), ddng thdi A cit ci d, va d,.

Gidi
1/ o d; qua M,(0; 3; —1) c6 vectd chi phuong a =(-1;2;3)
e d, qua M,(4; 0; 3) ¢6 vectd chi phuong g =(1; 1;2)
o [anay =05 -3), MM, =(4 —4 4)
e [aj,a, | MM, =-23%0 =d, chéo d,

2/ Ac (P)vacitcad;,d, = A diqua cic giao diém ctia d;, d, va (P)
X y=3 z+1

e A=d;n(P): gidihé { -1 2 3 =A=(-2,7;5)
4x -3y +112-26=0
X—4_Z_Z—3

e B=d,n(P):gidihe{ 1 1 2 =B=(3-11)
4x -3y +112-26=0

o AB=(5-8-4)
X+2 y-=7 z-5

Phuong trinh dudng thing cin tim AB: g 1

Bai 4: DAI HOC KHOI D NAM 2005

Trong khong gian vé6i hé truc toa dd Oxyz cho hai dudng thing
dl:x—l:y+2:z+1 Vi :{X+y—z—2:O

3 -1 2 x+3y—-12=0
a/ Chitng minh riing d; va d, song song vdi nhau. Vi€t phuong trinh mit phing
(P) chifa ¢4 hai dudng thdng d, va d,.
b/ Mit phing toa do Oxz cit hai dudng thing d; va d, 1an lugt tai cdc diém A, B.
Tinh dién tich tam gidc OAB (O la goc toa dd).
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Gidi
a/ d; di qua M;(1; -2; —1) va c6 vectd chi phuong uT =3;-12).

1 -1

. -11
d, c6 vecto chi phuong 1a u, [ 3 0

0 1

11
1 3

}

)l

U=(3;—1; 2)

Viu =u, vaM, ¢ dynénd, /d,.

Mt phing (P) chita d, nén c6 phuong trinh dang:

a(X+y-z-2)+P(x+3y—-12)=0 (o + P> #0).

ViM;e P)néno(l -2+1-2)+p(1-6-12)=0<=2a +17=0

Chon o =17 = B =-2. Phuong trinh (P) la: 15x + 11y - 172-10=0
b/ ViA,B € (Oxz) nény,=yg=0
Xpa—1 2 z,+1

===

xg—zg—2=0 Xg =
xg—12=0 Q{

Vi A €d;nén =>Xp =2zp =—5= A(-5;0;-5)

12
Bed, :>{ O:>B(12; 0; 10)

g =
OA =(=5; 0, —5), OB=(12; 0; 10) = [(ﬁ,oﬁ] =(0; —10; 0).
SAOAE = %‘[ﬁ,@] - %.10 =5 (dvdb).

Bai 5: PE DU BI 1 PAI HOC KHOI B NAM 2005

Trong khong gian v6i hé toa 36 Oxyz cho hai duding thing:

x=—-1-2t
d1:§=X=E va d,qy =t (t 12 tham s6)
b2 1+t
7=

a/ Xét vi tri tuong d6i ctia d; va d,.
b/ Tim toa dd cdc di€ém M thudc d, va N thudc d, sao cho dudng thfmg MN
song song véi mit phing (P): x —y +z=0 va do dai doan MN = 2.

Gidi
a/ d; qua O(0; 0; 0) c6 vectd chi phudng a = L 2)
d, qua B(—1; 0; 1) c6 vectd chi phuong @ =(-2; L, 1
[a2.a) |=(1; 5:-3), OB=(-1;0;1)

(25,8 |OB=1+3=4%0= d, chéo d
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x=t'
b/ Phuong trinh tham s§ d; :qy =t" = M, (t’; t;2t') ed,
z=2t

M, edy =M, (-1-26 t; 14+0); MM, =(-2t—t' =Lt —t;t =2t +1)
Ta c6 MM, //(P)= M;M,.m, =0

=-2t—t'—-1-t—t'+t-2t'+1=0=>t=—t
t'=

MM, =(t ~1)> +4t2 +(1-3t) =2 < 142 -8t +2=2|
t =

<A O

t'=0= M(0; 0; 0) € (P) loai .

v=2 taco M(ﬂ;iﬁj; N(l;ﬂ;éj
7 7777 7777

Bai 6: DE DU BI 1
Trong khong gian vdi hé toa do Oxyz cho hai diém A(4; 2; 2) B(0; 0; 7) va

x=3 y-6 z-1

2 2 1
Chitng minh riing hai dudng thing d va AB thudc cing mdt mit phing.
Tim diém C thudc dudng thing d sao cho AABC cén tai dinh A.

Gidi

dudng thing d:

o AB=(—4-2;5)
e dcé: M(3; 6; 1) va vectd chi phuong a= (-2;2; 1)
. [E,i}:(—n;—6;—12),@:(—1; 4 —1)

. [E,&].m:m—zmulz:o & AB, d ddng phing

x=3-2t
e Phuong trinh tham s6 d: <y =6+2t (teR)
z=1+t

o Ced=C3B-2t;6+2t;1+1)
o AB=\[42122(-57 =45

o AC=yQt+D?+Qt+4) +(t—1)2 =9 +18t+18

e Vitam gidc ABC cin tai A nén AB* = AC> < 9t* + 18t + 18 = 45
t; =1=C(1; 8; 2)

t, =—3=C5(9; 0; —2)

©t2+2t—3=0©{
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Bai 7:

Trong khong gian véi hé toa dd Pécdc vudng géc Oxyz cho hinh hdp chir nhat
ABCD, A'B'C'D' ¢6 A tring vdi gdc toa do B(a; 0; 0), D(0; a; 0), A'(0; 0; b)
(a>0,b>0).Goi M Ia trung diém cta CC'.

a/ Tinh thé tich khdi ti dién BDA'M theo a va b.

b/ Xéc dinh t s& % d€ hai mat phing (A'BD) va (MBD) vudng géc véi nhau.

Gidi ,
A(0; 0; 0); B(a; 0; 0); C(a; a; 0); D(0; a; 0) A’ D’
A'(0; 05 b); C'(a; a; b); M(a; a3 B) ‘
2 BL . 2~
b RN
a/ BD = (-a; a;0); BA'=(-a; 0; b); BM = (0; a§§) M
= ,II I;Af__l;l‘—,‘:,:\:‘:s:\:‘:\ .L
= [BD,BA’] =a(b, b, a) A X
-7
~ V= L[505ABM e A
6
2
-2 ab+@ _ab (dvtt).
6 2 4

b/ (A'BD) c6 vectd phép tuyén [ﬁ)ﬁ} = a(b, b, a) hay chon H =(b; b; a)

(MBD) ¢6 vectd phép tuyén [ﬁBﬂ] = (%,%,—aZJ h

hay m = (b; b; —2a) (chon)
Ta ¢6 (ABD) L (MBD) < m.n =0

o b 4b -2a°=0 @ a=b (a,b>0) = %:1.

Bai 8:

Trong khong gian vé6i hé toa d6 Pécdc vudng géc Oxyz cho dudng thing:
x+3ky-z+2=0
dk
kx-y+z+1=0

Tim k d€ dudng thing d, vudng géc véi mit phing (P): x —y —2z+5=0

Gidi
m =13k -1 my = (ks-1: 1)
Vectd chi phuong ctia dy : a=nj,n, | = 3k - 1; -k ~13-1 = 3k%)
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Vecto phap tuyén ctia mit phing (P) n= (1;-1;-2)
Taco: i 1L P a cuing phuong véi i
2 k = 1
3k—1 -k-1 -1-3k

= = = 1 & k=1
1 -1 -2 k=1 v k=—§

Bai 9 : PE DU BI 2

Trong khdng gian véi hé toa d6 Pécdc vudng géc Oxyz cho hai dudng thing:

X y—|—] Z R 3x—z+1=0
d:i—=—=- va d,
1 2 1 2x+y—-1=0

a/ Chdng minh ring d;, d, chéo nhau va vudng géc véi nhau.
b/ Viét phuong trinh téng quat ctia dudng thing d cit ca hai dudng thing d;, d, va
x-4 y-7 z-3

song song vdi dudng thing A: 1 5

Gidi

a/ o d; qua A(0; —1; 0) ¢6 vectd chi phuong a= (1;2; 1)

d; qua B(0; 1; 1) ¢6 vectd chi phuong b =(1;-2;3)
AB =(0;2; 1), [a,b] = (8; -2 —4)

[Q,BJ.E =—4_4=-8%0vayd, chéo d;

Talaicé: ab=1-4+3=0=d; Ld,.
Két ludn : d, chéo d, va d; vudng goc d,
b/ Pudng thing A ¢6 vectd chi phuong ¢ = (1; 4; -2)
o Goi (o) 12 mat phﬁng chita d; va song song A nén i = [5,6} =(-8;3;2)

() qua A va c6 vectd phdp tuyén i =(-8;3;2)
():—8x—-0)+3(y+1)+2(z-0)=0
& 8x—-3y-2z-3=0

e Goi B 1a mit phing chita d; va song song A nén cé ptpt:

ng =[b,c] =(-8;5;6)

(B) qua B c6 vecto phdp tyuén @ =(-8;5;6)
B):-8x-0+5Fy-1D+6(z—1)=0<=8x-5y—-6z+11=0
Pudng thing cin tim 12 giao tuyén cda (o) va (B) c6 phudng trinh
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8x—-3y—-2z-3=0
8x -5y —-6z+11=0
Bai 10:

Trong khong gian véi hé truc Pécdc Oxyz, cho mit phing (P): 2x —y +2 =0

) (2m+1)x+(1-m)y+m—1=0 .
va dudng thang: d: (m 12 tham s0)

mx +(2m+1)z+4m+2=0

Xdc dinh m dé dudng thing d,, song song vSi mit phing (P).

Gidi
n, =Q2m+1;1-m;0); n, =(m;0;2m+1)
Mot vecto chi phuong cia d,, 1a

a=[n.n; | =(2m>+m+ 1;=2m + 1) ; - m(1 - m))

Vectd phdp tuyén ciia (P) 1a n = (2; —1; 0)
Pudng thing d,, song song vdi mit phing (P).< a.n=0
& —4m’ +2m +2 + (4m* +4m + 1) =0

&S 6m+3=0 & m=—%.

Bai 11: PE DU BI 3

Trong khong gian vé6i hé toa d6 Pécic vudng géc Oxyz cho hai dudng thing:
x—az—a=0 ax+3y—-3=0
d, va d,
y—-z+1=0 x+3z-6=0
a/ Tim a d€ hai dudng thing d,, d, cit nhau.
b/ Véi a = 2, viét phuong trinh mit phing (P) chita dudng thing d, va song song
véi dudng thing d,. Tinh khodng cich giita d, va d, khia = 2.

Gidi
X =a+at
a/ Pitz =t = Phuong trinh tham s6 d;: <y =—1+t

z=t
x =3t
bit x = 3t' = Phuong trinh tham s6 d,: {y =1-at’
z=2-1

Cdch 1: d, va d, cit nhau
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, 3a
, t=— M
a+at=3t a2 +3
< Hé {-1+t=1-at’ c6 nghiém < ) 6—a’ )
t:2—tl _3+a2
t=2-t 3)
2
Thay (1), (2) vao (3) ta duge: 2%~
a“ +3 a“+3

s6-a’=2a"-3a+6=3a°-3a=0<a=0va=1.

) (21,2, | MM, =0
Cdch 2: d, va d, cat nhau <

[a7.03]#0
. . x—2z-2=0 2x+3y-3=0
b/ Khia=2tacé:d;: d,:
y—z+1=0 x+3z-6=0

d; di qua M;(0; —2; —1) c¢6 mot vectd chi phuong a =2;1;1)
d, di qua M»(0; 1; 2) ¢c6 mot vectd chi phuong 5 =3(3;-2;-1)
Vi (P) chifa d, va song song d; nén (P) ¢6 vectd phdp tuyén
n=[aja, | = (1;5-7)

(P) qua M,(0; 1; 2) va c6 vecto phdp tuyén n = (1; 5; =7) nén c6 phuong trinh

P)x-0+5y-1)-7z-2)=0

&Sx+5y-72+9=0
0+5.(2)-7(-D+9] 643

J1+25+49 15

‘[al,az].Mle‘ B 6\/5

[sa] 18

v Vin dé 5: MAT CAU
A. PHUGNG PHAP GIAI

Ta Cé : d(dl,dz):d(Ml,(P))

Cdch khdc : d(d;,d,) =

1. Phuong trinh mit ciu
o (x-— a)2 +(y-— b)2 +(z - (:)2 =R’ ¢6 tam I(a; b; ¢) ban kinh R
o X'+y +7° —2ax-2by-2cz+d=0(vdia’+b’+c’—d>0)

Tam I(a, b, ¢), ban kinh R = ya® +b> +c* —d
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2. Pudng tron giao tuy&€n ciia mit cdu va mit phing

Cho miit cau (S) tdim I, ban kinh R va mit phing (o) cit mit ciu (S) theo giao
tuyén la dudng tron (C).
e Tim tim O ciia (C) ®)

— Tim phuong trinh dudng h
thdng d qua I va vudng géc véi (o). v
- O0=dn ().

e Tim bén kinh r cia (C): r* =R* - 10°

B. DE THI
Bai 1: PAI HOC KHOI A NAM 2011

Trong khong gian v6i he toa do Oxyz, cho mit ciu (S): x> +y* + 72" — 4x — 4y — 4z=0
va di€m A(4; 4; 0). Viét phuong trinh mit phing (OAB) biét diém B thuoc (S) va
tam gidc OAB déu.

Gidi
Gid st B(x; y; z)
Ta c6: Be(S) va tam gidc OAB déu
x2+y2+22—4x—4y—4Z:O
< {0A* =0OB?
OA? = AB
x2+y2+22:4(x+y+z) X+y+z=8

= 32:x2+y2+z2 =1 x2+y2+22:32

32=(4-x)>+@-y)? +2° X2 +y? 422 —8(x+y)=0

X+y+z=8 z=4 x=0 x=4
& x2+y2+Z2:32<:> (x+y)2—2xy+22:32 < qy=4 hodc y=0.
x+y=4 x+y=4 z=4 z=4

Trudng hgp 1: V6i B(0; 4; 4).
Mit phidng (OAB) c6 vects phédp tuyén Ia [ﬁ,@}z(l&—l@ 16) va di qua

O (0; 0; 0) nén c6 phuong trinh x —y +z=0.
Truong hdp 2: V6i B(4; 0; 4).
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Mit phing (OAB) c6 véctd phép tuyén la [ﬁ,oﬁ] =(16;—16;—16) va di qua

O(0; 0; 0) nén c6 phuong trinh x — y — z =0.
Bai 2: PATHOC KHOI D NAM 2011

Trong khong gian vdi hé toa dd Oxyz, cho dudng thing A: XT_l = yT_3 =% va
mit phang (P): 2x — y + 2z = 0. Viét phudng trinh mit ciu c6 tim thudc dudng

thdng A, ban kinh biing 1 va ti€p xic vdi mit phang (P).

Gidi
x=1+2t
Phuong trinh tham s6 ctia dudng thing A: {y =3+4t (teR).
z=t

Goi I 1 tAm cta mit cAu. Ie A < I(1 + 2t; 3 +4¢; t).
Mit cau ti€p xidc (P) va c6 ban kinh bing 1 < d(, (P)) =1
2(1+2t)-(3+4t)+21
T Jaried
e t=2=1(5; 11;2) = Phuong trinh mit cdu: (x — 5+ (y - 11)* + (z- 2)* =1
e t=—1=I(-1;-1;-1)= Phuong trinh mat cAu: (x + 1)* + (y + 1>+ (z+ 1)’ =1
Bai 3: CAO DPANG KHOI A, B, D NAM 2011

1o |2t—1|=3<:>t=2hoact=—1.

Trong khong gian véi hé toa d6 Oxyz, cho dudng thing d: X;I =Y 21 . 1_1 .

Viét phuong trinh mit ciu ¢ tam I (1; 2; —3) va cit dudng thing d tai hai diém
A, B sao cho AB = /26 .

Giai
d qua M (1; —1; 1), vectd chi phuong a = 4,-3;1), K/I:(O;—& 4).
:{a,m] =(=9; -16; —12).

2
d1,d) = %.Ta c6: R*= (%) +d2(I,d)=%+3?7=25.

Suy ra: phuong trinh (S): (x — D%+ (y-— 2)? +(z+3)* =25.
Bai 4: PAI HOC KHOI A NAM 2010

Trong khong gian toa do Oxyz, cho diém A(0; 0; —2) va dudng thang
A x+2:y—2:z+3.
2 3 2
Tinh khodng céch tir A dén A. Viét phuong trinh mit ciu tAm A, cit A tai hai
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| diém B va C sao cho BC = 8.

Gidi
A qua M (=2; 2; =3) va c6 vectd chi phuong a= (2; 3; 2); AM = (-2;2; =1
= [a, AM |=(-7:-2; 10)

‘F" m]‘ ~N49+4+100 _ 153 _

S T T e VT

3.

Vé AH vudng gbéc v6i A. Ta ¢6: BH = % =4 va AH=d(A, A)=3.
Trong AAHB ta ¢c6: R®= AB® =BH”>+ AH =16 +9 =25.
Vay phuong trinh mit cdu (S): x* +y? +(z+2)* =25.

Bai 5: CAO DPANG KHOI A, B, D NAM 2010

Trong khdng gian véi hé toa do Oxyz, cho hai diém A (1;-2; 3),B(-1;0; 1)
va mit phing (P): x +y+z+4=0.
1/ Tim toa do hinh chi€u vudng géc ctia A tam (P).

2/ Viét phuong trinh mit cau (S) c6 ban kinh bing % , clia tam thudc dudng

thing AB va (S) ti€p xtic véi (P).

Gidi
x-1 y+2 z-3
1 1

1/ Goi A 1a dudng thing qua A va vudng géc véi (P) thi: A:

H 12 hinh chi€u ciia A 13 (P) thi H = (A) N (P) nén toa dd H thda:

X+y+z+4=0 x=-1
x-1 y+2 z-3 < y=-4.VayH(-L-41)
1 1 1 z=1
2. Tacé AB =(=2;2;-2)vaAB= J4+4+4=12=23

N AB 1
Béan kinh mdtcau (S)laR= —=—
6 %

Phuong trinh (AB): X 1” - l] - Zl_l
VitimIl e (AB)nénI(t—1;-t;t+1)

(S) ti€p xtic (P)nénd (I; (P)) =R < [t+4/=1 < t=-3hayt=-5
= I(—4; 3; -2) hay I(-6; 5; -4)

Vay ta c6 hai mit cau thda yéu cau dé bai:
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S): x+ 4+ (y=3)+(z+2) = %

®gmx+®2+@—5f+@+4y=%

Bai 6: DPAI HOC KHOI A NAM 2009
Trong khong gian véi hé toa dd Oxyz cho mit phing (P): 2x — 2y —z— 4 =0

va mit cau (S): x>+ y2 +75 - 2x— 4y — 6z — 11 = 0. Chitng minh ring: mit phing
(P) cit mit cau (S) theo mdt dudng tron. Xac dinh toa dd tAim va tinh ban kinh
ctia dudng tron dé.

Giai
(S) cé tam I(1; 2; 3), bAn kinh R =5

-3-4|

. 2-
Khoéng cach tir T dén (P): d(1, (P)) = | =3<R;

Suy ra mit phing (P) cit mit cau (S).
Goi H va r 1an lugt 13 tAm va béan kinh ctia dudng tron giao tuyén, H 12 hinh chi€u
vudng géc cia I trén (P):

H=d(L(P))=3,r= VR? —IH? =4

x=1+2t

N ) N y=2-2t
Toa dd H = (x; y; z) thda man: 3t
z=3-

2x-2y-z-4=0
Giai hé, ta dugec H (3; 0; 2)
Bai 7: PAI HOC KHOI D NAM 2008

Trong khong gian v6i hé toa d6 Oxyz, cho 4 diém A(3; 3; 0), B(3; 0; 3),
C(0; 3; 3), D(3; 3; 3)
1/ Viét phuong trinh mit ciu di qua bon di€ém A, B, C, D.

2/ Tim toa do tAm dudng tron ngoai ti€p tam gidc ABC.

Gidi
1/ o Goi phudng trinh mit cau (S):
X+y +72°—2ax-2by—2cz+d=0(véia’+b’+c*—d>0)
e Mit ciu di qua bon diém A, B, C, D nén
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3
a==
Ae(S) [I18—6a—6b+d=0 2
Be(S) 18—6a—6¢c+d=0 bzé .
P 2 nhin
Ce(S)  |18=6b—6c+d=0 3
De(S) 27-6a—-6b—6¢c+d=0 CZE
d=0

Vay (S): x> +y* + 27— 3x - 3y-32=0
di qua A(3; 3;0)

2/ (ABC):q | . e ——
c6 vecto phdp tuyén la [AB,AC] =91 ;1)

Phuong trinh mit phdng (ABC): x +y +z—-6=0
e DPudng tron (C) ngoai ti€p tam gidc ABC 1a giao clia mit phing (ABC) va (S)
2,202 2 a0 _
= Phuong trinh dudng tron (C): XTHy Ayt =3x -3y -32=0
X+y+z-6=0

e Goidquatim I(%; %; %j cta (S) va vudng géc v6i mit phﬁng (ABC)

di qua I(égéj
d: 22

1
¢6 vectd chi phuong a =(1; I; 1)
3
X==+t
2

e Phuong trinh tham s6 d: y:%+t (teR)

3
Z=—+t
2
3
X=—+t
2
3 x=2
vre . Y=L
e H=dn (ABC) ta gidi hé 2 Sqy=2
2=3 4t z=2
2
Xx+y+z-3=0

Vay tAm ctia dudng tron (C) 1a H(2; 2; 2)
Bai 8: bPAI HOC KHOI B NAM 2007

Trong khong gian vdi hé toa do Oxyz, cho mit ciu
(S): x> +y* + 2= 2x + 4y + 2z — 3 = 0 va miit phing (P): 2x — y + 2z — 14 =0.

276



Hu6ng dén giai CDBT tii cic DTQG Toén hoc —

1/ Viét phuong trinh mit phing (Q) chita truc Ox va cit (S) theo mot dudng
tron c6 ban kinh bing 3

2/ Tim toa d6 diém M thudc mit ciu (S) sao cho khoang cédch tir M dén mit
phéng (P) 16n nhat.

Gidi
1/ (S): (x=1)*+ (y+2)* + (z+ 1)> =9 ¢6 tam I(1; —2; —1) va ban kinh R = 3.
Mat phfmg (Q) ¢6 cap véctd chi phuong la: Ol = 1, -2, -1, i= 1;0;,0)
= Vectd phdp tuyén ciia (Q) 1a: n=(0;—1; 2)
Phuong trinh ciia (Q) 12: 0.(x —0) = 1.(y —0) +2(z—0)=0 <y -22=0
2/ Goi d 1a dudng thing di qua I va vudng géc véi (P). Pudng thing d cit (S) tai
hai diém A, B.
Nhdn xét: N&u d(A; (P)) > d(B; (P)) thi d(M; (P)) 16n nhit khi M = A
I y+2 z+l
)

Toa dd giao diém ciia d va (S) 1a nghiém cia hé:

Phuong trinh dudng thing d: X;

x=D2+(y+2)% +(z+1)" =9
x—-1 y+2 z+1
2 a1 2
Gidi hé ta tim dugc hai giao diém A(-1;-1;-3), B(3;-3; 1)
Tacé: d(A; (P)=7=>d (B; (P))=1.
Vay khodng cich tir M dén (P) 16n nhat khi M(-1; —1; -3)
Bai 9: PATHOC KHOI B NAM 2005
Trong khong gian vdi hé truc toa do Oxyz cho hinh lang tru ding ABC.A;BC,
véi A(0; -3; 0), B(4; 0; 0), C(0; 3; 0), B1(4; 0; 4).
a/ Tim toa do cdc dinh A, C,. Viét phuong trinh mit ciu c¢6 tim la A va tiép
xtic v6i mit phing (BCC, B)).

b/ Goi M la trung di€m ctia A;B,. Vi€t phuong trinh mit phing (P) di qua hai
diém A, M va song song v6i BC,. Mit phing (P) cit dudng thing A,C; tai diém
N. Tinh d6 dai doan MN.

Gidi
al Ay(0; -3; 4), C,(0; 3; 4); BC=(—4; 3; 0), BB, =(0; 0; 4)
Vectd phdp tuyén ciia mp(BCC;B) la n=[ BC, BB; |=(12;16;0)

Phuong trinh mat phﬁng (BCCB)): 12(x—4)+16y=0 < 3x+4y—-12=0.
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Bén kinh mit cdu: R=d(A,(BCC,B )):M:ﬁ
o T e s

Phuong trinh mit cau: X2 + (y+ 3)2 +7% = %

b/ Ta c6 M[2;%3;4j, m:(%%%j, BC, =(—4; 3; 4).

Vectd phép tuyén clia (P) 1a g = [mﬁ] =(—6;-24;12).

Phuong trinh (P): 6x —24(y +3) + 122=0 <& x+4y-2z+12=0.
Ta thay B(4; 0; 0) ¢ (P). Do d6 (P) di qua A, M va song song véi BC;.
Tacé A;C;=(0; 6;0).

x=0
Phuong trinh tham s& ciia dudng thing A|C, 1a: 1y = -3 + 6t

z=4
N e A;|C; = N(0; -3 + 6t; 4).
ViNeP)nén0+4(-3+6t)-8+12=0t= %.VayN(O; -1;4).

2
MN = J(2—0>2+(—%+1j +(4—-4)? :@

Bai 10: BE DU BI 1 PAI HOC KHOI A NAM 2005

Trong khong gian véi hé toa d6 Oxyz cho 3 diém A(1; 1; 0), B(0; 2; 0), C(0; 0; 2)

a/ Viét phuong trinh mit phing (P) qua gdc toa do O va vudng géc vdi BC.
Tim toa dd giao diém cta AC v6i mit phfmg P).

b/ Chitng minh tam gidc ABC la tam gidc vudng. Viét phuong trinh mit cAu
ngoai ti€p td dién OABC.

Gidi
a/ BC=(0;-2;2)
e Mit phing (P) qua O va vudng géc BC (nhin BC lam vecto phdp tuyén)
Phuong trinh (P): 0(x - 0)-2(y-0)+2(z-0)=0<y-z=0 (¥)

x=1-t (1)
e AC=(-1;—1;2) nén phuong trinh tham s ciia AC: {y=1—t (2) (teR)
z=2t (3)

Thay (1), (2), (3) vao (*)tadugc: 1 —t-2t=0= t=%
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Thay vao (1), (2), (3) ta c6 M[% %; %j 1a giao diém AC N (P)

b/ AB=(-11; 0), AC=(-L;—12)

= ABAC=1-1=0 < AB 1 AC < AABC vudng tai A.

e DE thdy ABOC ciing vuong tai O. Do d6 A, O clng nhin doan BC dudi mot
gbéc vuong. Do d6 A, O, B, C déu nim trén mot mit ciu taim I 12 trung diém BC, bdn
kinh R = E .

2
e 1(0; 1; 1), R=+/2 nén phuong trinh (S): (x — 0)> + (y = 1)*+ (z— 1) =2.
Bai 11: PE DU BI 1 BPAI HOC KHOI D NAM 2005
Trong khong gian vdi hé toa d6 Oxyz cho ling try ding OAB. O;A B, véi
A(2; 05 0), B(0; 4; 0), 04(0; 05 4).
a/ Tim toa dd c4c diém A, B,. Viét phuong trinh mit cdu qua 4 diém O, A. B, O,
b/ Goi M la trung di€m ctia AB. Mt phiing (P) qua M va vuong géc vdi OA
ddng thdi cit OA, OA, 1an ludt tai N, K. Tinh d6 dai doan KN.
Gidi
a/ Vi AA; 1L (Oxy) = A(2;0;4), BB, L (Oxy) = B(0; 4;4)
Phuong trinh mit ciu (S):
XC+y*+2z°—2ax—2by-2cz+d=0(véia’+b*+c*—d>0)
Mit ciu qua 4 di€ém O, A. B, O, nén

0e(S) d=0 a=1
Ae(S) 4-4a=0 b=2

= Rt (nhin)
Be(S) 16-8b=0 c=2
0, €(S) 16-8c=0 d=0

Vay (S): x> +y* + 72— 2x — 4y — 42=0
b/ M trung diém AB = M(1; 2; 0)
e (P)quaM(l;2;0), (P)LOA
= Vectd phdp tuyén clia mit phing (P): E = Olj =(2;0,—-4)
= Phuong trinh mp(P): 2(x - 1) +0(y - 2)-4(z-0)=0<x-22-1=0

X=t
e Phuong trinh tham s6 OA: <y =0 (teR)
z=0
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x—-2z2-1=0
. x=1
e N=(P)nOAtacohé X:O < qy=0 = N(1;0;0)
Y= z=0
z=0

e Phuong trinh tham s& OA: [y 0 (teR)

z =2t
x—-2z—-1=0 X:_l
X:t’ 3 1 2
e K=0A; N (P)tacéhé oly=0 =K|--:;0,-=
y=0 3 3
=2t Z=—%
2= 3
2 2
. KN:\/(1+%j +(0—0)2+(0+§j =—2‘3/g

Bai 12:

Trong khong gian v6i hé toa d6 Oxyz cho ba diém A(2; 0; 1), B(1; 0; 0),
C(1; 1; 1) va mat phing (P): x + y + z — 2 = 0. Viét phuong trinh mit ciu di qua ba
diém A, B, C va c6 tdm thudc mit phing (P).

Gidi
1IAZ =1B% = IC?

Goi I(x;y; z) 12 tAim mit cu. Gia thiét cho
Ie(P)

(){—2)2+y2 +(z—1)2 :(x—l)2 +y? +2?
o {(x=2) +y* + (21 =(x =1 +(y -1\ +(z-1)’
X+y+z-2=0

2x+2z—4=0 x=1
& 92x-2y-2=0 <<y=0 < I(1;0;1). Bankinh R=IB=1
X+y+z-2=0 z=1

Vay phuong trinh mit ciu 1a: (x — 1)2 +y? +(z- 1)2 =1.
Bai 13: PE DU BI |

Trong khong gian vdi hé toa do Pécdc vudng géec Oxyz cho mit phing
(P): 2x +2y +z—-m”—3m =0 (m la tham s6)
vamitciu (S): (x — 1)+ (y+ 1)> +(z—1)*=9.

Tim m d€ mit phfmg (P) ti€p xdc vdi mit cau (S) véi m tim dugc hay xdc dinh
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toa do ti€p diém ctia mit phing (P) va mit cau (S).

Gidi
e Mitciu(S)cotam I(1; —1; 1), bain kinhR =3
e Mit phing (P) tiép xiic véi (S): < d(I, (P)) =R
2
+3m-1=9
<:>‘2—2+1—m2—3m‘:3\/4+4+1<:>m m
m? +3m—-1=-9
m? +3m-10=0 {mzZ
=
m?+3m+8=0 (VN) [m=-5
= (P):2x+2y+2z-10=0 (1)
e Goi A dudng thing quaIva A L (P)
Aqual(l;-1;1)va ay=n,=(2 2; D).

x =142t )
Phuong trinh tham s6 A: {y =—1+2t Q3) .
z=1+t 4)

e Tiép diém M 1a giao diém caa A va (P), thay (2), (3), (4) vao (1) ta dugc:

20420 +2(-14+20+1+t-10=0 < t=1=>M(3; 1; 2).
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