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* Thyc ra trén mit dat lam gi co duong, ngudi ta di lim thi thanh dudng théi |
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Vigt mot cudn tdi [igu 1t RAd, & viét cho hay cho tam ddc lai doi hdi cd mot ding cdp thuc sw ! Ciing may t6i kfidng cd tu tudng [on cila
mot nhd viet sdch, ciing Rhbng fry vong & mot diéu gi do [On lao vi t64 bigt ndng luc vé mén Todn (4 cd han .. Khi t6i cd y tudng viét ra nhiing diéu
t6i gom nhdt duoc t6i chi mong sao qua ting ngdy minh sé finfi f5i sGu hon vé mén Todn so cdp..qua ting tiét hoc nhiing hoc tro cia t6i b6t bdn
Rhodn, ngo ngdc hon.. Va néu con ai doc bai viét ndy nghia [d ddu do t6i dang cd nhitng nguoi thly, nguoi ban cing chung mot niém dam mé su
diéu ki Todn hoc .
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PHAN LY THUYET

Dinh nghia : Gid st {(x) Id mét ham s6 lién tuc trén moét khodng K, a va b ld hai phéan t& bat ki cua K, Fx) la
mot nguyén ham cta f(x) tréen K . Hiéu s6 F(b) - F(a) duoc goi la tich phan ttr a dén b cla f(x) va duoc ki hiéu la

b b
[£(x)dx . Ta dung ki hieu F(x) . dé chi hieu s : F(b) - F(a)

? b
Cong thitc Newton — Laipnit : If (x)dx = F(x) a F(b) - F(a)
1 3 1
Vide: [xidx-2| -l(ro0)-1
0 310 3 3

b
Chu ¢y : Tich phan jf(x)dx chi phy thuoc va f, a va b ma khéng phu thudc vao ki hiéu bién s6 tich phan . Vi vay ta

b b b
c6 thé viet : F(b) - F(a) = [f(x)dx = [f(t)dt = [f(u)du...
Cac tinh chat cua tich phan .

1. Tf(x)dx =0

2. fiome=-fiCon
b ’ . )
3. _[[ocf(x) +Bg(x) dx = Otff(x)dxi ng(x)dx
VD : j(2x+§)dx :2jxdx+3jldx —x2 e+3lnx e :(ez —1)+3(1—0):e2 o
. 1 X 1 1 X 1 ].
a. jf(x)dx=ff(x)dx+jf(x)dx
a a b
VD : i|x|dx = i|x|dx + i|x|dx = —Tlxdx +j;xdx = —X?Z _(i +X72 (} -1

b
5. f(x) >0 trén doan [a; b] = If(x)dx >0

b b
6. f(x) >g(x) trén doan [a ; b] = Jf(x)dx > Jg(x)dx

2 2
VD : Chiing minh rang : Isiandx < ZJ sinxdx
0 0

N

b b b
m < f(x) <M trén doan [a ; b] = m(b-a) = mjdx < jf(x)dx < dex = M(b - a)
) 1 5 a a a
VD : Chiing minh réng : 2< j(x +—)dx <=
1 X 2

HD . Khao sat ham s6 y:x+l trén doan [1; 2] ta c6 : n[}azl]xy: ; miny =2
X ;

27 [z
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X

2 2 1 52
Do d6 2[dx£j(x+—)dx$§fdx:> 2x
1 1 1

2 2 1 5 |2 F 1 5
SJ X+—dx <=x :>2SIX+— X < —
14 X 211 ] X 2

PHAN PHUONG PHAP

Phuong phap ddi bién s6 : t = v(x) .
1
VD . Tinh tich phan : = zde
0 X + 1
Pat : t=x%+1.Khi x=0thi t=1, khi x=1thit=2.
Tacod dt=2xdx:>%=xdx. Do db6 :
1 2
IZIZLdX:l 9 L= Lo
nX +1 2 1t 1
b b
© Quy trinh giai toan . .[f(x)dx = Ig(v(x))v’(x)dx
Buéc 1 . Dat t = v(x), v(x) c6 dao ham lien tuc, ddi can .
Buéc 2 . Bidu thi f(x)dx theo t va dt : f(x)dx = g(t)dt
v(b)
Buéc 3. Tinh [ g(t)dt .
v(a)
® Bai tap rén luyén phuong phap :
Tinh céc tich phéan sau :
< dx £ dx © x2dx B xdx
1(2x—1) X" +1 BX 1
2 dx t dx t dx
5. 6.| ——M 7. | ——
Jg.sinBX '!;(2x+1)\/x+1 Jl.x(1+\/;)
4
Phuong phap déi bién sé : x = u(t) .
1
A sinx VD . Tinh tich phéan : I\/I —x?dx
0
Dit x = sint | te [—E;E} . Khi x=0 thi t=0, khi x=1 thi t= =~
2'2 2
Vay véi x = sint thi x 6[0;1]:> te {O;g} va dx = costdt .
o cosx

1

Do d6 :I\/l—XQdX = J.xll—sirl2 tcostdt = I|cost|costdt = IcosQ tdt =
0 0 0 0

e |

=.E[1+c052t 1(
173 2

1 T
t+—sin2t} 2 .
2 0 4

b
® Quy trinh gidi toan . [f(x)dx

Buéc 1.Dat x=ult), te [a;B]sao cho u(t) c6 dao ham lién tuc trén doan[a; B], f(u(t)) dugc xac dinh trén doan
[a;B] va u(a)=a;u(B)=b .
® 0974.337.449 & THANG 12 — NAM 2007 Tl 3
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Buéc 2 . Bidu thi f(x)dx theo t va dt : fx)dx = g(t)dt
B
Budéc 3. Tinh Ig(t)dt .

® Bai tap rén luyén phuong phap :
Tinh céc tich phéan sau :

1
1 2 1
R 2[5 e
5
4..1[x2\/1—x2dx 5. jx3\/1+x2dx 6. T gizdx(Dat x=5cos2t)
Phuong phap déi b(;é'n s0 :u(x) = g(x,t)o O
VD1 . Tinh tich phéan : [ = ij1+x2dx
0
Cdch (1) Dat x/1+x2=x—t:1=—2xt+t2:>x:t22_t1

2

Khi x =0 thi t= -1, khi x=1 thi t= 1-<Z va dx = . +1dt.Dodc’>:

12 .2 2 f 2 12 1[ 1ﬁ
= [ Lo ltely _ U j +2t ly oL j tdt + 2 j Lir+ j —dt
Jo2t T2t 4 It
21— f 1 -2, 1 1—& V2
= l t :——1 1)+
8 || -1 8t2 -1 (\/_ ) 2

Cdch (2) : Dat x=tgt, do x €[0;1] nén ta c6 thé chont e [O;ﬂ . Khi x=0 thi t=0, khi x=1 thi t :%

va dx=——7-dt . Do d6 :
cos“t
1 4 M+ ta?t 4 4 1 gcost 4 d(sint)
£ T £ s cos t ;[|cost| cos t -([cosst ;[cos“t l(l—sinQ t)
n 2 2
4 _ . .
= lj ( 51r.1t)+(1+-smt) d(smt)——'[ + 1_ d(sint) =
47| (1-sint)(1+sint) (1- smt) (1+sint)
x 2 x x
_ l} 1. . 1. :__J- (1- smt lj‘- d(sint) 1 ]‘-d(1+sint)
44| (1-sint) (1+smt) (1-sint)® 23 (1-sint)(1+sint) 43 (1+sint)’
I
_ l{ 1 1 }ZJFI 1+sint|~ 1 sint 4 1l 1+smt (\/— 1)+£
4’| 1-sint 1+sint o 4 1l-sint|y 2 cos’t o 4 1-sint 0 2

Binh luéan : Bdi todn nay con gidi duoc bing phuong phdp tich phan tiing phdn . Con véi 2 cdch gidl trén ré rang
khi bdt gdp cdch 1) ta nghi rdng né sé chita dung nhitng phép tinh todn phuc tap con cdch 2) sé chita nhitng phép
tinh todn don gidn hon. Nhung nguoc lai su suy dodn - cdch 2) lai chtta nhitng phép tinh todn dai dong va néu qud
that khéng khd tich phan thi chua hdn da la duoc hodc lam duoc ma lai dai dong hon .

1
VD2 . Tinh tich phan : [ = j %dx
0 1+x
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2
Cdch (1) Dat \/1+x2=x—t:1=—2xt+t2:>x:t2_t1
Khi x =0 thi t= -1, khix=1 thi t= 1-2 va dx = t2+1dt Do d6 -
12 2 1-V2
= | ,Z_Zt .#dt:— “dt =
S+l 2t ot
1-
= —Inlt J_ ~In(v2-1)
Cdch (2) : Dat x=tgt , do x 6[0;1] nén ta c6 thé chont e [O;g] Khi x=0 thi t=0, khi x=1 thi t:%
va dx= 12 dt .
cos“t
! i 3 i
Dodo:J. 1 dx:j 1 J-|cost| :J- 1 dt = J-costdt_
ov1+x2 o\/1+tg t cos t cos’t 3 cost cos’t
i ik
J- d(smt) l 1—STI'1'[ 4:—1r1(\/§—1).
0 1 sin” t 1+sint 0

® Bai tap ren luyén phuong phap :
Tinh céc tich phéan sau :

N N 2 0

I\/x2 —1dx 2 [ X _dx 3. J\/x2 + 2x + 2dx
1 1 \/XZ -1 -1

1

42 dx 5 ]1 dx 6. Jl~
.01+\/x2—4x+3 .721+\/1—2x—x2 0

x+x2 -1
@Ch ¢ : Khi ding trudc mot bai toan tich phan, khéng phéi bai todn nao ciing xuét hién nhan tt dé ching ta st dung

phuong phép ddi bién s6 . C6 nhidu bai toan phéi qua 1 hay nhiéu phép bién ddi méi xuét hién nhan t& dé dat 4n phu (
sé ndi dén & phan PHAN LOAI CAC DANG TOAN )

Phuong phap tich phén tirng phan .

Néu u(x) va v(x) la hai ham sé c6 dao ham lién tuc trén doan [a; b] thi :

b b b
Iu(x)v’(x)dx = (u(x).v(x)) a _[v(x)u’(x)dx
hay
b b b
{u(x)dv = (u(x).v(x)) a ;[v(x)du
VD1. Tinh ?xcos xdx
u=x i du =dx
bat {dv:cosxdx  taco {v = sinx
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2 T i
jxcosxdx =(xsinx)|2 —jsinxdx =Zicosx|2=2-1
5 0 o 2 0 2
, U = cosx
Nhan xét : Mot cau hoi dat ra la dat { dv = xdx c6 dugc khong ?

T

2

3 2 T 5
Ta hay tht : Ixcos xdx = (—cosxj 2+— L7 J.x sinxdx , rd rang tich phan J. x“sinxdx con phitc tap hon tich
0 0

0
phéan can tinh . Vay viéc Ita chon u va dv quyét dinh rat 16n trong viéc st dung phuong phép tich phan tiing phan . Ta
hay xét mot VD nita dé di tim cau tra 131 vita ¥ nhét |

VD2. Tinh jlm‘
u=l
Ta thit dat : RS 16 rang dé tinh v=jlnxdx la mot viec kho khan !
dv = Inxdx
=Ilnx du:l
Gidi . Dat ta o : X
T v et o[ Lot
X x° 4x*
Dodo ke (-2, Afds b2 11 )e_ 1o 2
Fa 4x* )1 4ix® 64 4\ 4x*)]1 256 64

@®Nhan xét : Tit 2 VD trén ta c6 thé rit ra mét nhan xét ( véi nhiing tich phan don gian ) : Viéc Ia chon u va dv
phéi thod man :

@ du don gidn, v dé tinh .

@ Tich phan sau (Jvdu) phéi don gidn hon tich phan can tinh(judv) )

® Bai tap rén luyén phuong phap :
Tinh céac tich phan sau :

1. Jl‘xe"dx 2 .j‘xe3"dx 3.
0 0

1
(x —1)cosxdx 4. |(2-x)sin3xdx S.J.xze”‘dx
0

ot_.m\;,
o‘—.c\\a

n

e 5 e
6 .|x%sinxdx 7. Je cosxdx S.Jlnxdx 9.‘[2xln(x—1)dx 10. J(lnxfdx
1 2 1

O'—.N\.ﬂ

M&i dang todn chia dung nhdng ddc thd riéng cla nd |

PHAN PHAN LOAI CAC DANG TOAN

] TiCH PHAN CUA CAC HAM HOU TY

ﬂ DANG:|=ij‘de (a#0)
ax
e ) 6
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Coéng thirc can luu ¢ : I:I ¢

dx = g1n|ax 4 b| +C
a

ax+b

w Tinh llzj“ldx

x—-1

w Tinh IZZJ'XZ_SdX
x+1

®. Tinh 13=J' dx
2x+3

Phuong phap : Thuc hién phép chia da thic P(x) cho nhi thic : ax+b, dua tich phan vé dang :
1= [Q(x)dx+] Lbdx ( Trong d6 Q(x) 1a ham da thic viét dusi dang khai trién )
ax +

P(x)

PANG 1= [ bxre

dx (a=0)

1. Tam thic : {(x)=ax” + bx +c cé hai nghiém phan biét .

Céng thitc can luu § : 1= [~ (%) e = Infu(x)[+C

u(x)

dx

© Tinh I=] 22
X —_—

Cach 1. ( phuong phdp hé sé bat dinh )

1
A==
2 A B ~ A+B=0 2
X2_4—X_2+X+2:>2=(A+B)x+2(A—B):{A_B:1<:> o1
2
2 1 1 1 x—-2
Do d6 : 1= d=——d-——d——l C
086 1= [ g dx =g o 2Ix+2X 2" x+2 "

Cach 2. ( phuong phdp nhdy tang ldu )
Taco: I =] 2 dx:lD 2X gy _sz 4d}:lln|x2—4|—ln|x+2|+c
-4 2

xZ -4 2179 x? x° -4
= < Téng quat >Tinh I:J 2“ > dx
X" —a
w.  Tinh I=J' ~dx
w. Tinhl= J‘de
-1
2
w. Tinh I= I—d
X°-5x+6
<
. Tinh I= I—dx
3x+2

Phuong phap :
#  Khi bac cla da thic P(x) <2 ta st dung phuong phap hé s& bat dinh hodc phuong phap nhay
tang lau.
#  Khi bac clia da thic P(x) > 2 ta stt dung phép chia da thiic dé dua tit s6 vé da thiic c6 bac < 2 .
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2. Tam thirc : f(x)=ax’ +bx +c = (ax +p)’ c6 nghiém kép .

u (X) 1

TR T

Coéng thitc can luu ¢ : 1= I

1 d _Jd(x—2) 1

2— X = 2 = — "rC
x?—4x+4 (x-2) x-2
4x

w Tinh I= J.ﬁdX .
X+

w Tinh 1:]

dx—ﬁ
it 2x—-1=t = "2 lacdbtach:
2x =t+1

t+1

I=2

j—_21 |t|——+C

w. Tinh I= ITBLLCI
X+

3
w Tinh I= j—dx
X“+2x+1

Phuong phap : D& tranh phiic tap khi bién déi ta thuong dit :ox+p=t = x = va thay vao biéu thitc

=B
o
trén t s6 .
3. Tam thitc : f(x)=ax® +bx +c vé nghiém .

w. Tinh I:J‘%dx
X +

Dat: x=tgoa=dx = do, ta cod :

= |y
= < Téng quat > Tinh I= I

1]:%

. Tinh I= I#dx

X“+2x+2

. Tinh I= Iﬂdx

X +2x+5

COSZOL

do=|da=a+C ,vd (tga=x
cosatga+1) I (g )

sdx . HD Dat x=atga =dx= do , ta cod:

X +a Cos a

dx

w Tinh I= [
X"+

@ Tinh I=[—;
X"+

P(x)
ax® +bx? +cx+d

DANG : 1= | dx (a=0)

1. Pa thic : {(x)=ax® +bx* + cx +d c6 mét nghiém béi ba.
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Cong thitc can luu ¢ : I=J'Xindx=—m+c (n=1)
. 1
© Tinh lzj—sdx
(x-1)
1 -3 (X—1)72 1
Neu x>1,tacod:I= sdx=|(x-1) d(x-1)=—7—+C=-——-5+C.
T e R T
, 1-x)*
Néux<1,taco: lz—j%dx:ja—x) 3d(1—x):&+cz—%+c
(1-x) -2 2(x-1)
Vay 1:[ 1 cdx =— 1 ~+C
(x-1) 2(x-1)

Chug: ——x™ uix>0
X

bat: x—1=ttacod: I=

t+1 1 1 1 1
I(TF}”ZTW”

x° -4

3

w. Tinh I:I dx

(x-1)

X3

dx

. Tinh 1=j

(x=1)°

4
+1)°
2. Pa thitc : f(x)=ax’ +bx® +cx +d cé hai nghiém .

© Tinh I:j%dx
(x-1)(x+1)

¥ Tinh I:J' dx

3 ] 1 dt
Dat: x+1=t,tacod: lzjt2(t—2)dtzjt3—2t2

Cach 1 < Phuong phdp nhdy tdng ldu >
1 3t? -4t 1(3t2—4t—4]_3t2—4t 1[3t+2)_3t2—4t 1(3 2}

Taco: 3—2t2:t3—2t2_Z e 2

Do d6 : I= j 42tdt —j(§+32jdt:1n|t3—2t2|—§1n|t|+l+c .
-2t 47t t 4 2t
Cach 2 < Phuong phdp hé sé bdt dinh >

t*-2t* 4

t*-2t* 4

t ot

B:-%
2B-1

1 AB L € (A+C)P+(-2A+B)t-2B=| 2A+B=0=]A=

t° -2t t t—2 4

A+C=0 )

c==

4

. 1 1/t+2
Do d6 : jmdt:—fz{ e } :—j4{ e Z}dt:——{l |t|———ln|t 2@
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4+ Phuong phép “nhay tang lau” dic biét c6 hieu qua khi tt s6 clia phan thiic la
mot hang s6 .

4+ Phuong phap “hé s8 bat dinh” : bac clia da thic trén tt s6 luén nhd hon bac
mau s6 1 bac .

. 2x+1
= Tmh l— jmdx
Pé st dung phuong phép nhdy tang lau ta sé phan tich nhu sau :
2x+1 2 1
x*(x—2) B x(x—2)+x2(x—2)
X2

. Tinh l:j( 1 dx
X_

(x-1)"(x+2)

2
St dung phuong phép hé 8 bat dinh : X _Ax+B €
(x-1)"(x+2) (x-1) x+2

Do d6: x* =(x+2)(Ax+B)+C(x-1)’

Cho : x=-2, suy ra : :g
2
-0, . B=-%
X Suy ra 9

x=1, suy ra : A:é

9
Phuong phép trén goi la phuong phap “gan truc tiép gia tri cia bién s8” dé tim A, B, C.
3 —
w  Tinh I= _xol g
X +2x° +X

3. Pa thic : {(x)=ax’ +bx* +cx +d cé ba nghiém phan biét .

1
© Tinh I= dx
X(Xz—l)
1 1/3x*-1 3x*-3 1/3x*-1 3
C’ hl. T ,Z = — —_ - — -
¢ 2 x(x* -1) 2[x3—x x(xz—l)] 2|:X3—X x}
, 1{3x*-1 3 1 3
Do d6 : IZIE[ O —;}dx:§1n|x3—x|—§ln|x|+c
Cach 2. Tach: X(le_l):% X]f1+xfl:»1EA(X2—1)+Bx(x+1)+cx(x—1)
Cho x=0,suyra A=-1.
1
=1, B==
x=1, suy ra 5
x=-1, suy ra C:l
b y 2

Do dé: I= —ln|x|+%ln|x2 —1|+C
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w Tinh I= I%dx
. Tinh 1:] 1X)X+2)dx
w Tinh I= Imdx
. Tinh 1= dx

(2x+1)(4x" +4x+5)

bDat : 2x+1=t:>dx=% ,taco:

3t°-6, 3t*-18
——j {j _6tdt—jt(t2 6)d} In|t* - 6t~ 3In|t| + C

4. Da thu’c : f(x) =ax’ +bx® + cx + d ¢6 mét nghiém (khdc boi ba)

bat x—1=t =>dx=dt ,tacod:

B dt _ 1) t*43t+3 o 243t _Afpdt oo t43 L]
_It(t2+3t+3)_S[It(t2+3t+3 J t +3t+3) ] 3[t It2+3t+3t:|

2t+3 3 dt 1 1 J3
Sl Y e -2 — & | —Znlt|—-=In[t? +3t+3|- a3+ C (V6 x =22t
3191 2It2+3t+3 2( 3)2 5| =3 ohnlt* +3t+3[- o3+ C (V& x=T~tgu )
t+—| +—
2) a4
= Tinhl:j;dx
x(x2+1)
@ Tinh lzj';dx

x(x2 +2x+2)

X2

@ Tinh I=I3—1dx
X"+
3

@ Tinh lzj ——dx

w Tinh I= .[ 1 dx

x3-3x%2+3x-2

TOM LAI : Ta thuéng sit dung hai phép bién déi :
® Ti s8 la nghiém cia mau sé .
@ Ti s8 la dao ham clia mau s& .
va phan thicc dugc quy vé 4 dang co bdn sau :

L © J'de=1ln|ax+b|+c
axtbh g cax+b

o — .[—dx Inju+C

u lmgvm
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1
® — (nx>2 © —d —_—
( ) lmgvdl J‘ (n b 1)un-1

;22 o ;22 x=i+C, véi x+d=atga
(x+d)" +a® mga - (x+d) +a a

(x)
1. Ki thuat bién dai ti s8 chita nghiém ctia miu s& .

i dx
. Tinh l=_[ x(x-1)(x+7)(x+8)

x+7) (x-1)(x+8)
(x-1)(x+7)(x+8)
dx
x* +10x*+9
dx :lj.(x2+9)—(x2+1)
x +1)(x2+9) 8 (x2+1)(x2+9)
dx

x® +6x* —13x2-42
dx

(x* =3)(x* +2)(x* +7)

HDlj

® Tinh I= 'f

HDIJ'

w. Tinh I= I

HD:I:j

R

HD : ':%f (xix+4):$f(

x? +4)—x4
x(x4+4)

= Tlnh I= J‘T
X

x? —(x4 —10)
x> (X4 —10)

1
HD 1= I (x —10) “1o)
dx
x? —2)(2){2 + 1)(3)(2 —4)
dx
x® —-10x°® + 35x* - 50x? + 24
dx

(x+1)(x4 +4x3 + 6x2 +4x—9)

= Tinh lzj

w Tinh lzj

w Tinh 1:[

w TinhI= fXdX
<t

xdx

w Tinh I= I

xdx

w. Tinh I= I

<t +1
xdx

w. Tinh I= I

@ 0974.337.449 P THANG 72 — NAM 2007
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X Tinh I= IXdX

w. Tinh I= j

3x1°° +5x%

dx
X (2x5° + 7)2
(1 X2000 )dX

2000 )

w Tinh lzj

X Tinh I= J. 1
+X

2. Ki thuat dit an phu véi tich phan c6 dang : 1= I P(x) dx (a=1)

(ax+b)”
3
© Tinh I= J.)((—F—);)—goldx
X_
dx =dt

bat x-2 =t = ,taco :
X=t+2

+1

3 3 2
l=j(t+2)30+t+3dt=jt +61° +13t+11, [ 1 1

30
t
4

Ty

w Tinh I=

4 3
Y. Tinh I=J3X _(SXZ—;SZX_E;dx
X+

- 6 3
26t Uo7 U 28t®

Cha ¢ : Véi logi todn ndy trong cudn “Tich Phan — T.Phuong ” dd st dung phuong phdp khai trién
Taylor nhung t6i cdm thdy cdch lam ndy khéng nhanh hon lai gdy nhiéu phic tap cho hoc sinh nén da

khéng néu ra .

3. Ki thuat bién déi tit s8 chita dao ham clia miu s& .

w Tinh I= I XdX
bat x? —t:>2xdx=dt
X Tinh I= IX dxl
x +
1 1
IZIX2_1dX:I1_)(2dX=I d(X+X) |X —X\/_+1|
x'+1 w2+l (x+1)2—(\/§)2 2J— N +xJ—+1|
X X
. Tinh I= IX +1
x* +
RN Tinh l:I4—1dX
x* +
| (1)
& Tinh l:-..)(4—5)(3—4)(2—5x+ldx
w TinhI (*+1)
1= | s o a1
@ 0974.337.449 Vs THANG 12 — NAM 2007
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= Tinhlzf (X _2) dx
xt-3x%+11x% - 6x+4
% Tinh I ( +3)
i _Ix —2x% —2x® +6x+9
X Tinh I= J.—
X" +x“+1
w Tinh I= J—
3x*+4
Binh ludn : Loat bai toan nay lam téi kha d@n tuong véi phép chia ca tu s6 va mau sé cho

x%. Qud thdt t6i luén cé gdng tim toi xem liéu minh cé thé nghi ra moét phuong phap nao
khac hay hon chdng, nhung ...” b6 tay.com “ . Thé méi hiéu toan hoc : “luén tiém dn nhing vé
dep lam ngudi ta sting s6t”.

w Tinh I= [ —dx
X+

® Tinh I= [—"—dx
X [

Pat x*=t=2xdx=dt ,taco: l:%jtgdt

. Tinh I= IX +1

3 2
= Tih I= jx X dx HD:I:%JiS)il)+% jﬁiz

. 1 x?
= Tinh lsz6+1dx HD : I:EI(XZ)—SHd(xz)

2 2 B
Y. Tinh I:I(X +61)(1X422X1 1)dx
x° -14x° -

. (1+12)(x—i+2jdxz (x—)l(+2j (1
i vl e T

19

X Tinh I= 13—)2dx
+X

10 10x° 1 X
HD . lzjﬁdx :Ej—d(xw)

99
X

(2x* -3)
2n-1

w. Tinh I= j—dx
(ax +b)k

w Tinh lzj
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~

4. Ki thuat chong nhi thic .
/ Co s6 cua phuong phap :
a b‘
¢ b : d
Dé tim nguyén ham c6 dang : 1= I ax—+)dx ta dua vao co sé : [ax+b) -1 -
(cx+d)" cx+d (cx +d)
va phan tich biéu thitc dudi dau tich phan vé dang :
l:k."f(aX"Lb) B J-(ax+b) (ax+bj
cx+d (cx+d) cx+d cx+d
VD . Tinh
_I(3X—5)1° _J(3x—5jl° dx —ij(3x‘5jlod[3x‘5)— 1 (SX_Sju*C
x+2)® T Ux+2) (x+2) 117 x+2 x+2 ) 121\ x+2
1
w® Tinh I= Ih—l))m X
w= Tinh lzj%
(x+3)"(x+5)
dx 1 1 dx 1 1 [(x+3)-(x+5)] dx
HD :I 5 :I 5 6 2:_6I 5 2
x+3 8 x+3Y) (x+5) (x+5)° 277 (x+3 X+5 (x+5)
(x+5) = =
X+5 X+5 X+5
Dé trdnh su dé so trong tinh todn ta cé thé sit dung phép dit dn phu nhu sau :
1 _dt
Sdx = —
2
pat X3 _ o) (x+5) . nén ta co :
x+5 x+5-2 1 1-t
x+5  x+5 2
—j (x+3)-(x+5)T dx 1 (t-1)°dt
(x+3) x+5 (x+5) ‘27
X+5
= Tinh I=| dx _
(3x-2) (3x+4)
= Tinh I= o .
(2x-1)"(3x-1)
Dat Sx=1 i b gxcdtova -1 —2t-3
2x -1 (2x—1) 2% —
2t -
Dodétacé:l:j SX = dx o= j( 43)d
(2x-1)"(3x-1) (2X—1)7(3X_1J t
2x -1
® 0974.337.449 & THANG 12 — NAM 2007
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7 TicH PHAN CUA CAC HAM LUONG GIAC

Al St dung thuan tuy cac céng thiic lugng giac .
Cong thtc ha bdc : sin®x = # ; COs’X = %

VD . Tim ho nguyén ham : IcosZXdX

¢ Jcoszxdx = Imdx = lJ‘dx +lj'cos2xd(2x) = lx + lsian +C
2 2 4 2 4
Bai tap . Tim ho nguyén ham :
1. jsinzxdx 2. J. cos*xdx 3. jcos“ 3xdx
4. jsinz 5xdx 5. jsin“ 5xdx 6. .[coszx sin® xdx
Céng thitc ha bac - sin®x = —smeZ;r 3sinx . cos’x = c053x13cosx

Bai tap . Tim ho nguyén ham :
1. jsin6xdx 2 .Jcos63xdx 3. jcos64xdx
Cong thttc bién déi tich thanh téng :

sina.sinb = %[cos(a —-b)—cos(a+ b)]
cosa.cosb = %[cos(a +b)+cos(a- b)]

sina.cosb = %[sin(a +b)+sin(a— b)]
VD . Tim ho nguyén ham : Isin 2x.cosxdx
Isin 2xcosxdx = J'l[sin 3x +sinx]dx = lJ.sin 3xd(3x)+ lJ’sin xdx = —lcos?)x - lcosx +C
2 6 2 6 2

Bai tap . Tim ho nguyén ham :
1. jsinxcosBxdx 2. I COSX.C082X.cos3xdx 3. J. cos4x.sin 5x. sin xdx

Cong thirc cong :
cos(a+b) =cosacosb-sinasinb
cos(a—b) =cosacosb+sinasinb
sin(a+b) =sinacosb+sinbcosa

sin(a—b) =sinacosb-sinbcosa

dx 1 ccos[(x+5)-(x-5)] 1
VD . = = t -5)+t 5
-[sin2x—sin10x 2coleIcos(x+5)cos(x—5) ZCOSIOI[CO 9(x-5)+tg(x+5)
_ 1 n|sir1(x—5)|+C
2co0s10 |cos(x—5)|
dx dx dx
Bai tap : 1. |———— 2. | ——MMM 3.
al tep J.sin2x—sinx J.sinx+sir13x Jl—sinx

Tinh tich phan khi biét d(ux)) .

2
VD . Tinh I sin®x.cosxdx
0
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Dat t=sinx, t e[O; 1]. Khi x=0 thi t=1, khi x=g thit=1 va dt = cosxdx . Do d6 :

1 3
sinx.cosxdx = jtzdt = v =

1
3073

(= (ST

Véi loai tich phan nay hoc sinh cé thé tu sang tao ra mét loat cdc bai toan, téi thit dua ra

mot vai phuong an :
®. Biét d(sinx) = cosxdx.

2 2 cosx . 2
1. jsm x.cosxdx Z.I — dx(neN ,n# 1) 3. _[tg3xdx
5 J sin” X J
4 4
. 10 5 cosxdx
4..[(51n3x) (cos3x)” dx 5. Isin2x+331nx+2
w. Biét d(cosx) = —sinxdx .
2 4 sinx . gsi1’13x
I.Icos“x.sinxdx Z.I dx(neN ,rl;tl) 3. j —dx
cos"x 3 COS’X
7 100 sinxdx
4. |(sin2 2 d _—
I(sm x) (cos2x) " dx jcossx—l
= Biét ditgy) = ———dx .
cos“x
: P )
1. j(tg x+tgx)d 2.j s1r13x dx 3. j(g—>()6dx
0 p COS™X 0 (cos3x)
I—dx S.I d>2<n 6. j(tg5x+tg4x+tg3x+tg2x+1)dx
cos”x cos“"x
@ Biét d(cotgx) & ————dx.
sin“x
2 2 cosx (cotg5x)10
1. | (cotg®x + cotgx ) dx 2. dx 3. |——dx
i( 3 ° ) iSiI’ISX ‘[ (cos5x)°
1 1
1 5 4 3 2
4. j—4dx 5. j 6. j(cotg X + cotg”x + cotg”x + cotg x)dx
sin® x sin®" x
= Biét d(sinx £ cosx) = (cosx =+ sinx)dx
i u 3
l.j(c?sx smx)dX 2..[ cos?x dx 3. j cos2x _dx
o sinx +cosx » 1+sin2x (sinx + cosx)
4
J- 2cosx — 3sinx q 5 J-(sin2x+2cos4x)dx
X .
2sinx —3cosx +1 cos2x —sin4x
w Biét d(asinzx+bcoszxicsin2xid) = (aFb=Lc)sin2xdx
1. j sm2x 2'.[ _ §1n2x i
3sin® x + cos’x 2sin” x — 4 sinxcosx + 5cos“x

w Biét d(f(x)) véi f(x) 1a mét ham luong gidce bat ki nao do .
1 cos’+1

VD . Chon f(x) = sinx + tgx = d(f(x))=cosx + —— = >
cos’x  cos’x
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sinx + tgx )(cos®x + 1
( ax)( )GlX

Nhu vay ta c6 thé ra mot bai toan tim nguyén ham nhu sau I 5
cos“x

Dé tang do kho clia bai todn ban cé thé thuc hién mot vai phép bién déi vi du :

(sinx + tgx)(cos3x + 1) sinx(1+ cosx)(cos3x + 1)

=sinx(1+ cosx)(l + COSBX]

COSZX COSSX

T d6 ta c6 bai toan tim nguyén ham : Ismx(l + cosx)(l +— jdx
cos X

Di nhién dé c6 mét bai tim nguyén ham nhin dep mét lai phu thuéc vdo viéc chon ham f(x) va khd ndng
bién déi luong gidc clia ban !
1 1 4

VD . Téichon ham s6 : f(x) = tgx — cotgx = d(f(x)) = ——+——=— 75
cos’x sin®x  sin®2x

, nhu vay t6i c6 thé ra mot bai

(tgx - cotgx)**"’ dx

todn nhin “ tam dugc “ nhu sau : Tim ho nguyén ham : I T
sin“2x

Néu thdy chua hai long ta thit bien ddi tiép xem sao ?
cos’x —sin’x _ 2cos2x __ (tgx - cotgx)®™” 2207 0?7 2%

Tacbd: tgx—cotgx =

sinx.cosx sin2x sin? 2x ~ sin®®2x
cos?%7 2x P . s
Vay ban sé c6 moét bai toan méi : Tim ho nguyén ham : IWX .. C6 thé ban sé thay budn khi bai toan nay lai
sin X

c6 céch gidi ngén hon con dudng chiing ta di !
Nhung diu sao ciing phai tit an Gi minh : “ Thuc ra trén mdt dat lam gi c6 duong ..”
~ ® Chang |& chung ta khéng thu lvom dwoc diéu gi chang ?  Nhwng t6i lai ¢ suy nght khac, biét dau nhirng
nha viét sach lai xuat phat ttr nhirng y twéng nhw chang ta ...???
Hay thda xét sang mét dang todn khac :

Cl Taora d(ux)) dé tinh tich phan .

4

VD . Tinh tich phan : | dx
3 COSX

R6 rang bai toan khong xuét hién dang : jf(u(x))u’(x)dx = jf(u)du
Vay dé lam dugc bai toan, mot phuong phap ta c6 thé nghi dén 1a tao ra d( u(x)) nhu sau :

% dx  Scosxdx ©d(sinx) 1, |1-sinx 211
jde _jeossds jd(inx) 1 [1-sinx| g 1)1
pCosx ¢ cosx gl-sin®x 2 |l1+sinx 0 2 3
Ban co nght rdng minh ciing co kha ning séng tao ra dang toan nay !
% Tao d(sinx) = cosxdx.
dx tg*x 1 dx
l'j sin® xcosx 2'-[ COSX 3. -[ cos®x
sin® x cos?xdx dx
4. | —dx 5.[—/———— 6. | —
I cosx I cos3x I 3/sin® xcosx
¥¢ Tao d(cosx) = —sinxdx .
dx dx 2 cos’x
1. | — 2. 3. d
'[ sinXcosx I sin® x -,[ sin® x *
4
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3
4J- 5.-.-. dx6 6. 4sin° x
sinx (cos®x — 1) sin xcos’x 1+ cosx
¥ Tao ditgx) = 12 dx .
cos“x
i FR
1. tg’xdx 2.[ X4 3. [— X
0 o 1+cos™x (sinx)” (cosx)
dx
4. | tg®xd 5. 6. d
-[ g xax -[ 2sin? x — 5sinxcosx — 3cos’x J. (sinx — 2cosx) *
¥¢ Tao d(cotgx) = — .12 dx .
sin’x
2 tg5x )"
1 J-COtg XdX 2.!%(:1)( 3. J‘de
) sin® X — 2cos®x (sin5x)
a4
j—dx 5. j,dT’j
sin® x sin”" x
* Tao d(tgi) &l 1 dx . < Phép dat &n phu t= tgi > .
2 2 cos? X 2
—— Jo 3. [ &
3sinx + cosx 2cos3x +7sin3x 2sinx +5cosx +3
J- sir1x—cosx+1ClX J- 7 sinx — 5cosx
sinx + 2cosx + 3 ) (351r1x+4cosx)2
S D
J D. SANG TAO BAI TAP J

Né&u duoc phép hoi, ti sé hdi rang ban c6 cdm thdy nham chan khi ban cir su6t ngay 6m 1dy mot cuén sach tham khdo va lam hét
bai tap nay dén bai tap khac, ma doi lic ban van cam giac réng kha ndng giéi toan clia minh khong gidi [én. Con toi dam mé mon Toan tir
khi t6i biét thé nao la sang tao .. Ban co mudn thir xem minh c6 khd ning sang tao hay khong ?

Dt khd ning sang tao bai tap dugc xuat phat tur nhung ban chat rat so dang, c6 thé ban sang tao mét bai toan ma ban da bét gap &
mét cudn sach nao do.. nhung dau sao n6 van mang “ dang dép “ clia ban .

T6i man phép tu duy dé ciing tham khao cho “ vui *!

Toi s 14y mot ham s6 f(x) néo dé ma téi thich, réi dao ham dé tim d(f(x)) .
h Téichon: f(x)=sin*x+cos*x, f'(x)= 4(sir13 XCOSX — cos°x sin X) =2.sin 2><(sin2 X — coszx) = —sin4x
2 sindx

Mot bai toan don gian dugc tao ra : Tinh J‘fd
sin*x + cos’x

Mot bai toan nhin kha dep mét, ban da gap & dau chua ? Néu gap bai toan nay trudc khi ban biét sang tao ban
giai quyét né nhu thé ndo ?

Dé tang kha nang “ ddnh lita truc gidc ¢ ban c6 thé tao miu s6 thanh moét ham s6 hop nao d6 quen thudce |, vi du

Tinh cac tl’ch phdn sau :

L z ) 3 .
.[ sm4x < 2. J sindx - dx 3. ,[ sindx dx
0 0

o Vsin®x + cos*x (sin‘x + cos‘x) cos? (sin‘x + cos'x)
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2 ,
sindx
4. '[ — —dx
) tg (sin*x + cos‘x)
Biét dau mét lic ndo dé cé ai hoi téi vé cdch gidi cdc bai todn trén téi lai @ quén .. !1!!!
Toi biét ban sé nghi tu duy kiéu nay “ cii rich * . Vay sao ta khong thi tu duy mét kiéu nao dé cho hoi “la” mot ty :

f(x) = sin® x + cos*x = 1 - 2sin® xcos*x = 1 —%(sin 2x)* = ; ;(COSZX) .. = Bai toan nay sé xudt phat tir dau ?

™
j- sin2x + cos2x
sin*x + cos*x

&  N&u nhu xuat phat tir ludng giac dé tao ra cac bai toan tich phan clia ham lugng giac nghe c6 v& hién nhién qua, ta hay xuat phat
ttr ham phan thirc hitu ty xem sao ?

TGi sé xuét phat tir bai toan tim nguyén ham : 1= J'zd—xl
X —
A AL . e 1 2 \ Lol at e s, 1+tg X
Toi s6 dat < x=tgt = dx = —,—dt = (1+tg”t)dt varamtbaitoan: I= j;d
cos“t 1-tg’x

Ban sé suy nghf rang “ qud don gidn* .. nhung ban sé cho céch gidi thé nao véi bai toan nay :
I= J‘;zdx phdi chang ban s& nght 1= I;zdx = I% ..hay nhudng chd cho
1-tg’x 1-tg’x (1-tgx) (1+ tg’x)

a  Ban dang 6n thi dai hoc, ban doc kha nhiéu tai liéu.. doi khi ban sé gap nhiing bai toan kho hay nhitng 16i gidi dai dong han ban..
ban thay minh dang timg ngay tién bo . Doi khi ban gip mot phuong phap nao do véi tén goi lam ban hodng hét . Hay dimng lai va tu duy, ban
sé tim ra 16i giai dap !

T6i don clr mot vi du .. Khi ban doc tai liéu ban th&y cum tir “ tich phan lién két” co thé ban bd qua vi nght rang “qué kho “

VD. Tinh E = | _cosxdx
SIN X + COSX
Loi gidi : Xét tich phan lien ket voi Ela E, = [ _ s gy
sinX + cosx
inx +
E+E, :jwdx =J-dx:x+C1
. SIN X + COSX

Taco : i d(sinx + cosx)

E-E, =J-s?nx COSde=I - =In|sinx + cosx| + C,

SIN X + COSX SIN X + COSX

E = l(x +In|sinx + cosx|) +
Gidi hé phuang trinh suy ra :
E = E(X —In|sinx + cosx|) + C

Binh luén : Sy dé s6 lam ban hodng hét, nhung hdy suy nghi xem thuc chdt né ciing chi la mét phép tdch don
gidn :

cosx + sinx ) + (cosx — sinx dx d
Ll )+( ML Lpaleos sy 1 iy cos+
sinX + cosx COSX + sinx 2

Néu chua thuc su tin ban c6 thé thit vi mét loat cac bai toan khac tuong tu :

1. J- sm X « 2 J- sin3x dx 3. j sin® x .
3cosx + 7sinx © J2c0s3x - 5sin3x sin® x + cos*x

Viéc dua ra bai toan trén chi la su duc rat kinh nghiém khéng phai la su séng tao, nhung né gitip ching ta li giai
duoc mot diéu quan trong trong sang tao bai tap : 1a mudn c6 mét bai tap hay ban can ket hop nhiéu phép bién déi va di

nhién doi hdi ban phai kién tri va mét chat yéu té “ may mén
d Toithirlayhamsg: f(x)=2sin® x — 2sin2x + 5005 X va tach n6 thanh 2 ki€u khac nhau :

Kiéu1. f(x) = 2sin x — sin 2x + 5cos’x = (sin” x + cos’x ) + (sinx + 2cosx )’ = 1+ (sinx + 2cosx )’ = 1+ u?

@ 0974.337.449 Vs THANG 72 — NAM 2007 *“ g 20




Ij BAI GIANG TiCH PHAN 2 PHAM KIM CHUNG TRUONG THPT DANG THUC HUA
2007

Kigu2. f(x) = 2sin® x —sin 2x + 5cos’x = 6(sin® x + coszx)— (cosx — 2sinx)’ = 6 - (cosx — 2sinx)’ = 6 - v?

&kidul. u =cosx—2sinxvakiéu2 v’ =-sinx—2cosx = u’+v’ =-3(sinx +cosx)
A © s S A a1 s sinX + cosx
Vay phéi chéng bai toan nay sé rat kho : j — , s—dx
2sin” x — 2sin 2x + 5cos“x

Téi nhin thdy ban dang cudi “ ché diéu ” boi ban dd bdt gdp né..nhung cé 2 diéu toi
muén néi véi ban :
- Hay gidi bai toan nay bang mét cach théat théng minh .
- Hay “ muwon tam “ tu duy nay dé ra bai tap .
dx
I,16

Ban da qué quen véi bai todn nay : J - nhung t6i khng dinh ban sé c6 mét chit ban khoan véi bai toan :
si

sinxcosx(sin“x + sinx + sinx + 1)

Tim ho nguyén ham : I=.[ — dx
sin"x -1
Giai
j sinxcosx (sin‘x + sin’x + sinx + 1)"j sin? xcosx ¢ Sinxcosx(sin®x +sinx+1) 1. d(sin’x) 1 .d(sin’x)
= X = + == +=

sin®x - 1 J sin®x -1 I sin®x -1 3 (sinsx)z—l 2Isin2x—1

1 cos’x 1 9 \ e e ,

= —In| —/—— +—ln(cos x)+C .. ban tim loi giai nhanh hon nhé !
6 \sin"x+1) 2

Bai toan trén “ bi 16 ¥ tuéng gidi toan khi xuat hién :  sin*x + sin’x + 1 nhung bai todn nay ban hay giai quyét dim
sinxcosx (sinx +1
- 6( )dx
sin°x -1
Véi ¢ tudng nay ban c6 thé ung dung nghi ring : ngusi khac sé dau dau vi bai toan ciia ban ! Hay thit

Tim ho nguyén ham : |=j

theo ¥ tudng clia ban, dam bao t6i sé “ boé tay . com .vn “ ...!!!
DUNG DO CUA NGUGI KHAC CAM ZAC KHONG THOAI MAI...NHUNG .. DUNG MAI MA NGUOI TA KHONG BAT TRA LAI THI
THANH CUAMINH | <® . triét Ii khong ? >

Dém khuya 1&m réi, tam chia tay véi tich phan ham luong giac ! Nhudng lai san choi cho cac ban !

sindx + cos2x

sin®x + cos’x dx ( Véi gid dung thu chi ¢6 4 ddu “=*)

Tim ho nguyén ham : .[

(VT HZM ‘C‘éf’ 12 hoa
VS men qwc)w Mm%a Y

T TicH PHAN cUA CAC HAM CHUA DAU GIA TR TUYET DOI

2 1 2 1 2
VD . Tinh  [[x—1dx = [jx=1|dx+ [Jx = 1|dx = [ (x = 1)d(x = 1) +[(x = 1)d(x - 1)
0 0 1 0 1

1 2
0+(x—1)‘1 =-2

Tich phan cla ham chita dau gia tri tuyet déi khéng khé 1dm, né phu thudc hoan toan vao kha nang xét dau clia
ham s& trong dau gia tri tuyet déi .

Khi xét d&u clia ham da thitc chtta trong dau gié tri tuyét d6i ban can luu ¥ mot “ meo vat “ : Da thitc ¢é n
nghiém thi ta xét trén (n+1) khodng. Da thitc bac n c6 n nghiém thi dan ddu trén cdc khodng, khdc n nghiém thi
mdt tinh dan ddu .

= (1-x)
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VD1 . Tinh .3”)(2 —1|dx
-2

Nhap :x*-1=0< LX:__ 1 ( tam thiic bac 2 c6 2 nghiém )

xét ddu :

2+ \-1 0 1 / ........ + 3
Thit mét s6 bat ki trong khodng bdt ki

Dan dau

3 -1 1 3 -1 1 3 28

Giai . Hx2 —1|dx = “x2 —1|dx + sz —1|dx Jr“x2 —1|dx = I(xz —l)dx— J (x2 —1)dX+J-(X2 —l)dx = 3
22 ) S| 1 : : 1

VD2. Tinh j|x3—x2|dx
a

Chiing ta thudng nham lan khi xét dau la da thiic c6 2 nghiém va dan dau trén 3 khoang sé cho két
qué sai | Hay lam nhu sau :

1 1 1 2

”xS —x2|dx = jx2|x—1|dx =Ix2 |x —1|dx+jx2 |x —1|dx =...

-1 -1 0 1
Cac bai tap ren luyén :

2

1. .T‘|x3—x|dx 2. j‘||x|—1|dx 3. j‘\/9x2—6x+1dx q.
0 | 0

cos®x — cos®xdx

—No A

V1+cos2xdx 5.

-M:i'—.-h‘g’

[SIE]

[T TiCH PHAN TUNG PHAN
b b
1. Tich phén dang : jP(x)sin xdx , J P (x)cosxdx

Ddt u = P(x) dé giam bdc cua P(x) .
VD . Tinh J'xz sin xdx
0

= 2 =2
Dat{ u=x :{du b 86

dv = sinxdx V = —COSX

U7
IXZ sinxdx = x* (—cosx)
0

TC n s
ot ijcosxdx =n%+ 2_[ xcosxdx
0 0

Ta sé tinh tich phéan : Ixcosxdx
0

2
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u=x du =dx

Dat = . . Do d6 :
dv = cosxdx v = sinx

n

"o
. __

0

n
Ixcosxdx =x.sinx
0

b
— Jsin xdx = cosx
0

Vay Ixz sinxdx = n? —4
0

Bai tap tu luyén :
x?cos®xdx 5. st sin?’%dx
0

X sin xcos?xdx 4.

O OV | 3
Ot

2 .
1. J. xcos’xdx 2. jxgcosxdx 3.
0 0

b
2. Tich phan dang : [P (x)lnxdx

Ddt dv = P(x)dx dé détim v .
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