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TICH PHAN VA UNG DUNG

Tran Xuan Rang

Trong céc dé thi tot nghiép THPT va Tuyén sinh vao Pai hoc va Cao dang
thudng c6 cdc bai todn tich phan. Bai viét nay xin dugc chuyén dén céc ban
doc chuan bj thi vao cic trudng Pai hoc va Cao déng mot hé thong céc
phuong phap tinh tich phan ma t6i tich luy dugc va sap xép theo mot cich
riéng minh, mot s6 bat dang thirc tich phan va mot s6 4p dung tich phén tinh
dién tich va thé tich.

1. Tinh truc t1ep nguyén ham roi ap dung cong thirc Niuton- Lepnlt
Tinh truc tiép nguyén ham c6 mot thudn loi khi ta khong phai dé y dén tap
xéc dinh ctia ham dudi dau tich phan.
1
dx

VDL1. Tinh I:j neN, n=2. (PH Thai Nguyén - A 2000)
0(1+x”)dl+x”
1
Bién ddi sau 1= | d 12 khong chdp nhan duoc.
0x"(1+1njx</1+1n
X X
Nhung néu dat I(x)= J. dx thi céc bién d6i sau 1a hop 1y va cho
1+x")¥/1+x
phép duoc:
dx x! 7]7%
1(x)= j :j :j ]dx:j(1+—j x " dx
1+x")</1+x " 1 \/ 1 1\ X
1+ — |xofl+—
o (1ed)
_1_1 L
1 1 1 X
= —||1+— dil+— |=|1+— | +C= +C
Alr) o) ez
dx X |] 1
Suy ra I(x)= =
Y '[ 1+x")4/1+x 42

Nhung do chuong trinh khong dung ham s6 nguoc, nén mot s nguyén
ham khong thé tinh dugc.

dx
VD2. Tinh I(x)= J. —_—
/az )

bat x=asinr = dx=acostdt

(a>0)

acos tdt _ [ costdt d(sint)
“foa! f

= I(x)=J. m (1-sin t)(1+sint)

l—sinzt_
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1y 1 1 R PR
= EI( — jd(smt)—aln(l—sm H+C

1-sint 1+sint
Mot qud trinh that dep, tiéc rang khong rit duogc t theo x dé ¢6 nguyén ham
bién x.
2. Ap dung mét tinh chét cia nguyén ham.
Nguyén ham c6 tinh chat:
Néu [f(x)dx = Fx) + C thi [f(w)du = F(u) + C (1)

Pic biét: Néu [f(x)dx = F(x) + C thi [f(ax+b)dx = LF(ax +b)+ C, (a #0)
a

2 (1 + X)2006
2008

Vidu l: Tinh [ = dx .

X
2
Jz.( 1)2006 ( lj _ 1 (1 . lj2007 _ 1 22007 ) (gjﬂ)(ﬂ
1 X X 2007 X 1 2007 2
Vidu 2: Tinh I = | —dx. (PH Can Tho - B1999)
, x ln X + 1)
dn’x+1) 1 1
T I——— In(1 = —(n2-0)=Inv2.
a co: j it 1 2n(n 2(n 0) nf
. p %1 - 2sin’x
Vidu3: TinhI= j —=" % dx , (PH,CP - B2003)
o 1 + sin2x

= ln\/a

Taco: 1=

i .
Ccos2x dx = l J'd(l + sm2x)= l In(1
2 2

O i |3

1 +sin2x 1 + sin2x

0

3. Phuong phap d(rx)i bién. ]
3.1. Phép doi bién ''trong thday' o (x),¢ '(x) :

b
Tinh I = j f(p(x)@(x)dx , ¢ (X) li€n tuc va don di€u trén [a; b].

O day ta "nhin thay" ca ¢ (x) va ¢ (X)

o(b)

Pit o (x) =t, khid6: I = [ fodt.
o(a)
3
Vidul: Tinh I = J. ——dx.
x“+1

0 x’ ] X 1 ¢ x
Taco: 1= |(x- dx=="—+ - dx=—- dx

i( x> +1 2], '([x2+1 2 '([x2+1
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2

f ==(1-In2)

1

bat r=x +1:>dt—2xdx:>l—%—§ %:l—lln

2

0

, (PH,CP - TK2 - 2002)

In3

Vidu2: Tinh I = j

\/(e +1)

4
Pit t=e"+1= dt=e'dx= 1 = j dt J.tzdt— vz,

P Vi,
Vidu3: Tinh I = jwdx.

X
| 21 |
Pit r=1+Inx=>dr=""2 = j\/_dz_——z :5(2\/5—1)
X
1

Thuec ra cic tich phan nhu thé khong can d6i bién ma chi can 4p dung (1) vi
b b
I = [fpenpmdx=T1 = [ f(p(x)d(p(x).
\Y%

(=7

u.:

1 3 1 1 2
I:J. 2X dx:J.(X_ 2X dx :l_l M
o X +1 0 X" +1 2 2y x"+1

- % L inee 4 1) = 1(1- In2)
In3 In3
J- e“dx J-d(e +1) j(e +1) =\/§_1
s e+ p e+ %
I:jM —J.«/1+lnxd(1+lnx)
1
= 5(1 +1n%x)4/1 +ln2x = E(2\5 1)
1
3.2. Phép déi bién "khong trong thiy" o (x, ¢ '(x).
b
Tinh 1 = [f(x)dx.
' (D)
biat ¢ (x) =t, ¢ (x) lién tuc va don diéu trén [a; b], khi d6: I = J. g(tdt .
o(a)
Vi du 1: (Tich phan co bdn)
Tinh I = dx ,(a>0). (D
J.\/a +X

'2 2
bat: x++a* +x*> =t :>(1+;)dx:dtzx+z$dx:dt

a’ +x a’ + x’
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N

VJa® +x? Jat+x* ot

a(l ++/2)
dt Z(l+ﬁ) =1n(1+\/§)

Khi do: I = J. T:hlt

* Chi y: Tich phan nay c6 thé d6i bién x = rant
Vi du 2: (Tich phdn co bdn)

2a 1
Tinhl= | ——.d
A;a [x2 _ a2
Tuong tu VD6, dat: x + Vx*-a® =t

* Chu ¥: Tich phan nay c6 thé d6i bién x = ——
CcoSt

(PH,CD - A2003)

x ,(@>0). 1))

243 dx

Vidu3: TinhI= | ——,
L xXVx* +4

+dt 141 1 1, t-2" 1.5
batt=vx*+4.S I= = [|— - —ldt=-Im—=| = —In>
? o ayra £t2-4 4£(t-2 t+2 4nt+23 4n3

1
Vidu4: TinhI = j x W1 - x2dx, (PH,CPh- TK2- A2003)
L 1, 1.\ 2
Patt=vi-x* = I= [¢(1-)dt= (—ﬁ -—tSJ ==
. 375 ), 15

o Tich phan nay c6 nhiéu cach tinh:
Cich2: bat t=1-x°
Cdch 3: bat t=x*

Cach 4: bat x = cost = I = |sin’tcos’tdt .

O 0 | 3

1
Céch 4.1. Patsint=u = costdt=du = [ = juz(l _u?)du

0

Cach 4.2. 1= [sin’*t(1 - sin’*t)d(sint) .

S 0 [ A

T T T T

2 2 2 2
Cach43. 1= 1 j sin?2t.costdt = ljl cosdt costdt = ljcostdt 1 j cos4t.costdt
4 4 8 8

0 0 0 0

Céch 5: I:%ja -x2 - DV -x2d( -xY) = %ja -x2)d(1 - x%) - %j\h ~x2d(1 -x?)
0 0 0
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X

ViduS5: Tinh I = dx, (PH,CD - A2004)

—_—
]

1+ x—

2 .2
Dat:t=1+ Jx-1=1= j#.z(t- Ddt= 1—31—4ln2
1
Vidu 6: Tinh 1 = [VL 5000, (DH,CP - B2004)
1 X
. 2%t -1, 2% 116
Datt—x/1+3lnx.TaCO.I—§I—3 tdt—gjl.(t—t)dt=g

1

Vi du 7: Tinh [ = [ S22 SiX (DH,CP - A2005)

——dX,
o /1 + 3cosx

2 . 2
Pt t = 1+ 3cosx = [ = [ZeosxtDsinx % [+ nat= %
1

o /1 +3cosx

3.3. Phép déi bién x = ¢ (t):

Tinh 1 = jf(x)dx.

V;
datx = ¢(?). Suyral = jf(go(t))q)'(t)dt . (t) lién tuc va don di¢u trén [a; B |

Vi du 1: (Tich phdn co bdn)

1

a’ -x

Tinh I =

_dx ,(a>0). (I11)

O© 1 |

bat x = asint
Vi du 2: (Tich phén co bdn)

TinhI= [~ ax ,(a>0). aIv)

0 X +a

bat x = arant
Vi du 3: (Tich phan co bdn)

TinhI= [Va’ -x*.dx  (a>0). V)
0

bat x = asint
Vi du 4: (Tich phan co bdn)

Tinh 1= [Va’+X’.dx  (a>0) V1)
0

bat x = atant
Vi du 5: (Tich phdn co bdn)
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2a
TinhI= [VX*-a’dx  (a>0). (VID)

Cach 1. batx = —

cost

* Chi §: C6 thé dat Vx*-a> =t = —— dx=dt

\/X2 —32
= XdX = vx* -a’dt=tdt
tdt B2t (t +a’-a )dt

e P
Vtt +a? Vtt +a? t* +a’

a3 a3
= [ Ve ratax- j _ @A Nem (T) va (VI)

\/t +a?

Cé thé blen doi:

I= J\/x -atdx =

X

N Rt et
Trongdoj\/: J ( xz—az)

con I \/7 dx  xem dang III.

Vidu 6: Tinh I = J‘XZ\/I -x%dx,
0

Dain = sint = costdt =dx = I = |sin® tcos’tdt

O o [N

z
2

1§ 1 1
—j(l—cos4t)dt=—(r——sint] =
81 s 4 16

4. Doi bién yé tich phan ban dau hoic vé mét tich phan cé tong véi tich
phan ban dau la mgt tich phan tinh dwoc.

0

.
. , sindx
Vidul: TinhI= J'—z.dx
o 1 +cos“x
- tsind(m - t *  sint
Paitx=n-t= 1= J.(—z).dx=—J‘—2.dx=—I
o 1 +cos’t o 1 +cos’t
= 1=0.
. )
. , XSinx
Vidu2: Tinh I = j—z.dx
o 1 +cos™x
Tran Xudn Bang - Truong THPT Chuyén Qudng Binh 6
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batx==n-t= 1=

1+cost
:>I:£J. sinx dx
2 w1 +cosx
1
dt
Datcosx=t =1 1.[ 5
251+t
sin®x.dx

Vidu 3: Tinh [ =

S 0 [ A

b
Détt=§—x.Suyra:I—J'

5. Phwong phap tich phan ting Qhan.
5.1. Tich phén timg phan mét lan.

Vidul: Tinh I = j—
0

1 + cos2x

TE

X

Tacc’):I:j
0

0

In5
T edx

Vidu2: Tinh [ = j—
lnz\/ex -

In5

Ta co: I—ZJ' e*d(/e* - 1) =2e"+e* -1

In2
In5

e -

In2

Vidu 3: Tinh [ =

ANy

z
K3 2

Tacéd I = sinxln(sinx)‘g - J cosxdx = —

4 7
4

Tran Xudn Bang - Truong THPT Chuyén Qudng Binh
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(- t)sint
o 1 +cos™x

NS

sin®x + cos®x

sin t+ Ccos t

1 4
5 J. xd(tgx) =

cosxIn(sinx)dx

Tran Xudn Bang - Truong THPT Chuyén Qudng Binh

sinx

dx -1

(PH Hué - A2000)

z

z T
:>21=I+1=jdt ==
0 2

dx ,( DH,CD - TK1- A2003)

.[ tgxdx)

, (DH,CD - TK1- B2003)

—2.[ Fdx

e -

—(Sin%—sin%)
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(1 Inv2)-1

&\

Vi du 4: Tinh J. x In xdx
1

Tacod I = gx\/zlnx —J‘x/;dx=%e
1 1

5.2. Tich phén tirng phén nhiéu lin.
1
Vidu l: Tinh I = J.xzsinznx.dx
0

1
21-cos2nxd IJ.xzdx-l
0 2

1
Tacol= J.x — " dx=— J.x2cos27tx.dx
0 2 2 0

1

3 El !
=2 L J.xzd(sinan): l - L(xzsin2nxr - 2J.xsin2nx.dx)
6| 4my 4n 0 0

0 6
11 G 11 .
= — - — [ xd(cos2nx)= — - —(xcosan| - | cos2mxdx )
6 4n’ ;[ 6 4n’ 0 E')‘
11 o1
6 4n’ , 6 4’

1
Vidu2: Tinh I = j Jxerdx .
0

Pt Jx =t = ——dx =dt = dx = 2tdt
2J/x

;-je‘dt) =2(e-2).

0

1 1

Suyral= 2J't2e‘dt =2(t%' ; 2J'te‘dt) =2e - 4(te!
0 0

5.3. Tich phén tirng phén lam xudt hién tich phdn ban déu.

VD1: 1= jcos3x.cos3x.dx = %J‘cos3xd(sin3x)
0

0

n Uy
3 . T 2 . . 2 . .
(cos x.s1n3x‘0 + 3J.cos x.sinx.sin3x.dx ) = jcos X.sinx.sin3x.dx
0

W | =

T

1
cos’X.cos2xdx - EJ.coszxcos4x)dx
0

O e 3

COSzx(COSZX - cos4x)dx = %

n

1 ) )
(1 + cos2x)cos2xdx - 5 J. cos’x(cos3x.cosx - sin3x.sinx)dx =
0

I
4]

-lklr—* | =

T T
1
3 2 . .
J.cos Xx.cos3x.dx + 5 jcos X.sinx.sin3x.dx
0 0

.[ (1 + cos2x)cos2x.dx - l
0 2

L|~
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1 J.(l + cos2x)cos2x.dx - lI + lI 1
4% 2 2 4

T T

lsin2x + z + Lsin8x = —
8 8 32

0 0

Vidu2: 1=

1
jexsinznx.dx ,
0

1 1

Tran Xudn Bang - Truong THPT Chuyén Qudng Binh

jcost.dx +% J.(l + cos4x)dx
0 0

1

pd . . 1 . .
Taco: 1= jsmznx.dex = exsmznx‘o - J.Znsmnx.cosnx.exdx =- n.[ sin2nx.de”

0 0 0
1 h 1 | 1
J= jsinan.deX = exsin2nx‘0 - ZRJ.COSZT[X.dCX = - ZTECXCOSZT[X‘O - 4n2.[exsin2x.dx
0 0 0
=-2n(e-1)- 4x*]
j = 2n-9 _2n'(e-1)
1 + 4n* 1 + 4n*

e2

Vidu 3: 1= jcosz(lnx)dx )

1¢ 1 . 1
Tacod: I=—| (1 +cosnx))dx= —(e? - 1) + — | cos(2nx)dx
: !( @nx)dx = ' - 1) + j (2nx)
s 15 1 <
bat] = Ej.cos(ﬂnx)dx = Excos(anx) + J. sin(2Inx)dx
1 1 1

2

=- %(eg + 1+ xsin(2lnx)|fE -2 jcos(2lnx)dx
1

- %(e§+1)—4J.

Suy ra: J = - %(eg +1) = 1= %(eg -1)- %(eg +1)= é(zeﬁ -3)

5.4. Tich phan tirng phdn lam xudt hién mgt tich phén triét tiéu mét tich

phan.

& (1 + sinx)e*

Vidul: Tinh I = dx,
o 1 +cosx

Tacc’):I=J' .dx+j'ﬂ

020052% o 1 + cosx

Tr/(in Xudn Bang - Trwong THPT Chuyén Qudng Binh
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(PH Duoc HN - A2000)

i ) X i X
dx = !e d(th) + Z[e th.dx
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31 3 2 1) x+1 2 1 1 3 3 3
= 2e? ——e? —J.(X— —je *.dx + (x— —je “dx=2¢?——e? =Zevfe
2 4 X , X 2
2 2
1 X
Vidu3: TinhI= [ dx,
o (1+x)

Ta co:

j- exdx_j-exdx _j- e'dx ¢ |1+J2- e*dx _j- e*dx _e
W l+x (1+x) 3 lx (1407 14| 1+’ a+x> 2
2

0 0

, , ¢ 1+xl
Vidu4: Tinh I = J' XX erdx .
X
2
£ el X ¢ X X ¢ el X el X e
Tacol= j—e dx+je Inxdx = e lnx‘ —J.—e dx+J.—e dx =e
1X 1 ! 1 X 1 X
2 2

6. Bién d6i thanh tong:

T

2
Vidul: Tih1= [ S0 sinx.dx
0

sinx + cosx

T
. 1 £ (sinx + cosx) + (sinx - cosx).dx
Tacol= —j( : )+ ( )
29 SInX + COSX
T d(smx + COSX) T 1 on
= — - —j = — - —In(sinx + cosx)| = —
4 o SinX + cosx 4 2 o 4

Vidu2: Tinh I = dx

O — | D

. ) T
sinx.sin(x + g)
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Tacol=

{cotx cotg(x + —)}d nSiL =2(2In\/3-1n2)

sin(x+%)|,

w
=.
=]

EY)

o

—
O | 8

dx
sin’x.cos’x

1 1
+ dx
(sinzx coszxj

Vidud4: Tinh [ =

Vidu 3: Tinh [ =

NN |

Tacol=

N |3

sinxcos3xdx

o'—..g\:l

Taco I = —|(sindx - sin2x)dx

O 10 [ 3

1
2

1
Vi du 5: Tinh j

0

1
, 1 1
Tacol= {(m‘ﬁzjd"

7. Tinh dong thoi hai tich phan.

x+1)(x+2)

b b
Bé tinh I = [f(x)dx, ta "huy dong thém" J = [g(x)dx sao cho I +Jval-J déu

b
tinh dugc hodc do6i bién thich hgp dé c6 1= I g(x)dx .

n
7 .
, , sinx.dx
Vidul: TinhI= J'—
) SINX + COsX
n n ki3
2 2 . 2
. cosx.dx . sinx + cosx)dx i
Goil = J. .TacoI+J:j( . ) :jdx = —
) SINX + COsX o SInX + cosx 0 2
n n
2 . 2
sinx - cosx)dx d(sinx - cosx . E
I—J=I( : ) = j(—) =-ln(s1nx+cosx)|(;=0
o SINX + cosx o SINX + COSX
n
2
Vidu2: Tinh I = J.XCOSZde
0
Tran Xudn Bang - Truong THPT Chuyén Qudng Binh 1 1
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S 0 [ A

Goi J = | xsin’xdx
S
I[+J= jxdx=x— =2
! 2| 8
: : e :
I-J= jxcos2xdx—ljxd(sm2x) lxsm2x —ljsm2xa’x=lcos2x2=—l
0 20 2 0 20 4 0 2
2 2
Suy ra =z 174
208 2 32

8. Ap dung truc tiép cach chimg minh mét sé két qua tich phén.
8.1. Néu f(x) 1a ham s6 1¢ thi [f(x)dx=0

Néu f(x) 1a ham s6 chan thi [ f(x)dx = 2[f(x)dx
-a 0
a 0 a
Chimg minh ¢ day 1a: [feodx= [fodx+ [f(dx .
Sa Ja 0
0 a
Pat t=-x. Khidé: [f(xdx= - [f(dx, néu f(x) 12 ham sb 18.
-a 0

0 a

J.f(x)dx = jf(x)dx , néu f(x) 1a ham sb chan.

-a 0
Vidu: Tinh I = J.[ln(x 1+ )J‘dx .

-1
0 3 1 3
Taco: 1= J'[ln(x +4/1 + xz)} dx + J'[ln(x +41 + XZ)J dx (1)
-1 0

0 3 | 3
Dit t = - x. Khi d6 j[ln(x+ J +x2)J dx = I[ln(—t+ J +t2)J dt

-1 0

1
:J.[ln
0

Thay vao (1) tacé: I = J.[ln(x +1+x )J

Tdt= j[ In(t+ 1+ )Tdt = -j[ln(— x+1+x2 )Tdt

t+ 1+t

o D¢y rang & ddy da dp dung truc ‘uep cach chimg minh ma khong phai trai
qua hai budc: Ching minh tinh chét, chtrng minh ham dudi dau tich phan 1a
chan hay 1€ r6i 4p dung két qua(nhu the 161 giai s€ dai dong).
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8.2. Néu f(x) 1a ham s6 chiin thi | E(X)ld - % [ feodx.
wa + e

Ching minh ¢ day la: Bat t = - x. Khi do:
T £ 4 _ f ORI J a'f(t)

_aax+1 a'+1 '

a' +1
= j;f(x)dx— J; a"()—:-)ldx = j:xaf(i)ldx = 5 _J;f(x)dx

o —J.(l _ —)f(t)dt—

1 4
Vidu: TinhI = jzxx
+

-1

1dx , (HVCNBCVT - A1999)

Pit x = =j t’ dt=j 2t oo j(l- yhdt=
' 24 I +1
1 1 4 1 4 1 1
= J.f(t)dt- .[ tt dt = J. X dx = 1 J.x“dx: Lx5 = l
e 20 +1 28 +1 2 10 [, 5
« O day ta cling c6 mot chd ¥ tuong tu chi y 6 6.1.
9. Ap dung truc tiép mét tich phan lwong giac.
B
dx
a’+b>>0
{azsm X + b’cos’x @ )
1) a=0: Tich phan co ban.
i1) b = 0: Tich phan co ban.
. ¢ dx
3i)ab #0: 1= j . .
“ b’cos’x [Ez tg’x + lj
1% dte
Pat r=L1gx, [= —
at 1=—-igx, suy ra — £t2+1
Vidu: Tinh I = J'd—xz (PHY Thai Binh - 2000)
0 2 -CO8°X
A dx i dx
T ): 1= =
aco £2sin2x + Cos’X -([cos2x(2tg2x +1)
Pit r=2igx = 1= fjt +1
10. Nam virng cach tinh tich phan cic ham s6 phan thitc hiru ti.
B
10.1. 1= J.d—x, neN
* (ax + b)"

Tran Xudn Bang - Trwong THPT Chuyén Qudng Binh 1 3
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p

J. ;m,n e N,
cx+d) (ax+b)

dx

103.1= [ —
JO:alx2+bx+c
v6i ba truong hop A=b’-4ac<0, A=b’-dac=0, A=b’>—4ac> 0.
B
10.4.1=[— e Sk 1eN,
* (ax” + bx +¢)" (mx” + nx + p)
B
10.5.1= | & Sk 1eN,
* (ax + b)" (mx” + nx + p)

10.6.1= j Pg‘()dx
X

o

11. Nim viing cach tinh nguyén ham ciia mot s6 ham lwong giac thuong
gap.
11.1. 7 =jsin2xdx;

P(x) va Q(x) la c4c da thurc.

11.2. 1= j sin’xdx = j sin’xsinxdx = - j (1- cos’x)d(cosx) ;

1 + cosdx

1- cos2x)’
M =i.[(1—20052x+T)dx;

11.3. 7 =.[sin4xdx = .[ 1

114. 1= j sin’xdx = —J. sin*xd(cosx) = —J.(l - c0s’x)°d(cosx)

115, 1= [

SlIlX

11.6. [ = J-dx _J-smxdx J- sinxdx
e sin’x sin”X (1 - cos’x)*’

11.7. 1= J.dx -J.(1+cot2x)d(cotx);

Sin X

dx  rsinxdx sinxdx
118, 1= =[] (coss]

11.9. 1 =.[tanxdx;

11.10. 7 = jtanzxdx = J.(l +tan’x - 1)dx =.[d(tanx) =.[dx :

Tr/(in Xudn Bang - Trwong THPT Chuyén Qudng Binh 14
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11.11. 7= j (1+tan’x - 1)tanxdx :j tanxd(tanx) - j tanxdx
11.12. 7 = jtan“xdx = j(l + tan’x - 1tan’xdx :J tan’xd(tanx) - jtanzxdx

11.13. /= Itansxdx = I(l + tan’x - 1)tan’xdx =J. tan’xd(tanx) - J.tan3xdx

* Chia y : Cac két qua tuong tu sinx cho cosx va tanx cho cotx.
D61 véi cac tich phan ham s6 lugng gidc can chd y bién doi lugng

giac.
, 1 X
Vidu 1: Tinh 7= dx = dx=|d =
s mn J'1+cosx * j 2 X * J. (tanz)

cos” —

2
Vi dy 2: Tinh 7= [——ax= | ! ax = [—&
1 + sinx

2
X X ) T X
in_— hid 2sin”| —+—
(Sll’l > +COSzj (4 2)

11. Nim viing cach tinh dién tich hinh phang va cach tinh thé tich vat
thé tron xoay.
11.1. Tinh dién tich hinh phing.
Dién tich hinh phang gidi han boi:
y=f(x)
b

y=8x) .

la §= If(x) - g(x)ldx
XxX=a v A
¢ f(x) fx)=x(112)

x=b>a | f(x)=xX(1/2)

[

VD. Tinh dién tich hinh phang gi6i han bai: J Y=

(y=x-2

Tr/(in Xudn Bang - Trwong THPT Chuyén Qudng Binh 1 5
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2 y=x-2 y=x-2

HD. Toa d¢ giao di€ém {y —x ) it x2—4x+4=x(:) x> =5x+4=0
y=x-—

7 =

Toa d¢ hai giao dém (1;- 1) va (4; 2).

Suy ra dién tich hinh phang:
1 4
Cédll:S=2IJL&+ICJ;—X+Ddx=%x X
0 1

4

1 2
+C%x x—§;+2x)
0o 3 2

=

:E+E_8+8_z+l_2:2
3 3 2
2 y2 y32
Cach2: s=|(y+2—-y)dy=(=+2y-2] ==
_fl(y y)y(2 y 3| 72

11.2. T inh théﬁ tich vat thé tron xoay. q
i) Vat thé tron xoay duoc tao nén khi quay hinh phang gidi han boi:

y=r )

— b
y=0 xung quanh truc hoanh 1a v = 7rj £ (x)dx
X=d
x=b>a

ii) Vat thé tron xoay dugc tao nén khi quay hinh phang giéi han bai:

x=g(y)

— b

B xung quanh truc hoanh 1a v =7 j g2 (y)dy
y=a u
y=b>a

3i) Vat thé bat ky c6 dién tich thiét dién thang vudng géc Ox 1a S(x)
va bi gidi han béi cdc mat phang x = a, x =b(a < b):

b
V= j S(x)dx
VD. Cho mdt hinh tru ¢6 ban kinh ddy R va chiéu cao h. Cat hinh tru

bang mot mat phing nghiéng voi day mot goc 45° va di qua duong kinh AB.
Tinh thé tich cta cdc phan hinh tru bi cét ra tir hinh try. ‘s

HD. Goi V 12 thé tich phan hinh try ABNFEMCH. /1\
bat Ol = x(x > 0) = MN =2MI =24/R* —x*. !

|
IK =10 =x. \J,——g%//v H
Thiét dién 1a hinh chir nhat MNFE; v L \h
Ta c6 dién tich thiét dién 1a: /\égl_ Al
AN
S(x)=2xVR>—x’ \'___;%ﬂxg_
\\\:\\//'//%I
B
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R

Suyra: V= .[ZX\/RZ —)czd)cz—j\/R2 —x*d(R® —xz)z—%(R2 — xR —x*
0

0
12. Bat dang thirc tich phan.
Phuong phap Chung:
e Sur dung tinh chat cua tich phéan:

:2R3
3

0

b b
Néu f(x) < g(x),Vxe [ab] thi [feodx<[gax (1)

b
e D¢ chimg minh m < [ £ (x)dx< M ta dénh gid f(x) bang cach:
+ Khao sat sur d@gng bién, nghich bién cua ham f(x) trén doan [a;b].
+ St dung bat dang thl'J:c

VD1. Ching minh: —<J' <1
41 x* +x+1 100

2

HD. it f(x)=—— xe[10;20]
x +x+1

2x(x* +x+D)—x*(4x° +1) B 22X 4+ x*+2x B Q-xH+(x-xY

()= = =x. <0,xe[10;20
S (x* +x4+1)° (x*+x+1)? (" +x+1)? [ ]
400 x* 100
Suy ra = < < =—— x€[10;20
y 160000+ 20+1 = /20 Y x4 S0 10000+10+1 [ ]
1 400 400 100 100 1
Nhung < < , < =
410 164000 160000+20+1 10000+10+1 10000 100
1 20
Nhu thé —<f(x) E:>4—10 dx > jf(x)dx<—jdx:>dpcm
0 1gdx 1

VD2. Chting minh 0 <J'
o V1+x° 20

19

HD. Tacé 0<— < x" vxe[0:1]

J1+ x°
2000 675xd 1
VD3. Chtng minh 0< j <L
20+x 100
5xdx 75)(
HD. Tac60< <¢ , Vx e [0;2000]
20+ x 0

VDA4. Chimg minh 1< [¢* dx<1
n 0

z _ _ _on-1 _.n
HD. Tacd x€[0;1]=20<x"<x""'<1l=> x"'<x"<0=e " <e* <e’=1

-1 o N 0 .
Nhung 1+x<e*, Vx>0 nén: I-x" <e™ <e” <e =1,Vxe[0;1]
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1
VDS. Tinh limjx"sinﬂ'xdx
0

HD. Taco 0<x"sinzx < x”

VD6. Chimg minh = < <
6 4 — x?
0

HD. Ta cé6
xe[0;1]= 0¥ <X’ <1l= —xX*<—x"<0=20<4-2x*<4—x*—x’ <4-x°

1 < 1

< <
Va—x* Na-x—x 4-2x4

Va2 <P —x <a-¥ =

sinxdx

VD7. Chimg minh g < g%

X

N E—w N

HD. Dit f(x):Smx,xe{z;z}:f'(x):w,xe{z;z}
X 63 X 63

bat g(x)=xcosx—sinx, xe {%,%} = g'(x)=—xsinx <0, Vxe [%,%}

7\ _Z 31 . z.7 ch bié

Suy ra g(x)Sg(gj—6.2 2<0:>f(x)<0,Vxe[6,3]:>f(x)ng:,rh1chb1en
) _sinx _ (zj

:f(3j_ X =/ 6

, . 3 x%dx 92
VDS8. Chitng minh 2,5< [-2% V=2
s Jz. Jx* -1 4

2

HD. Dit f(x)=———,xe[0:1]= f'(x)>0,Vxe[0;1]= f(x) dong bién

2

2 ro< f=22
x> =1 4

X _ X S
\/X2—1 .\/Xz—l

g

Suy ra

Mat khac

X
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BAI TAP LUYEN TAP.
-

Bai 1. Tinh 7= [ xdx (DH - A2008)
0 Cc0S2x
% sm( X jdx

Bai 2. Tinh /= 4 (PH - B2008)
o Sin2x + 2(1 + sinx + cosx)
* 1n xdx

Bai 3. Tinh 7 = [— (PH - D2008)

X

0
Bai 4. Tinh dién tich hinh phing gi6i han béi cdc dudng:
y=(+Dx,y=(1+e"x. (PH-A2007)
Bai 5. Cho hinh phang gi6i han boi cdc duong:
y=xInx, y=0,x=e.
Tinh thé tich cta khéi tron xoay khi quay (H) xung quanh tryc OX.
(BH - B2007)

Bai 6. Tinh tich phan : 1 = | X’Inxdx
1
(BH - D2007)

V2x + 1

ai 7. Tinh tich phan : 1= | —F——=4dx PH - TK1- A2007
Bai 7. Tinh tich phan : I '([1 N m ( 007)

Bai 8. Trong mfOxy cho hinh phang (H) gi6i han boi cdc duong 4y = x;

y = x. Tinh thé tich ctia khéi tron xoay khi quay (H) xung quanh truc Ox mot

vong. (PH - TK2- A2007)

Bai 9. Tinh dién tich hinh phang gi6i han boi cic dudng: y = x* y = VI
(PH - TK1- B2007)

x(l X)

Bai 10. Tinh dién tich hinh phang gi6i han boi cdc duong: y =0;y = .
)C

(PH - TK2- B2007)

x(x-1)

Bai 11. Tinh: f dx (PH - TK1- D2007)

sin2x

Bai 12. Tinh tich phan: [ = J' dx (bH - A2006)

0 \/cos X + 4sin’x
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In5
Bai 13. Tinh tich phan: 1= [—__ax  (DH - B2006)

ot +2e" -3
n3

1
Bai 14. Tinh tich phan: T= [ (x - 2)e”dx (BH - D2006)
0

dx

6
Bai 15. Tinh tich phan: I = ‘[2){ 1+ Jaxrl
(bH - TK1- A2006)
Bai 16. Tinh dién tich hinh phang giéi han bdi parabol y = x* - x + 3 va

dx

duong thangd : y=2x + 1. (PH - TK2- A2006)
10
dx
ai 17.. Tinh ti an: I= |\——F7— - 1- B2
Bai 17.. Tinh tich phan: I '!x— ) \/ﬁ (PH - TK 006)
Je
3 - 2Inx
Bai 18. Tinh tich phan: 1= | ———=dX (PH - TK2- B2006
ai 18. Tinh tich phan !Xm ( )

Bai 19.. Tinh tich phan: I= | (X + Dsin2xdx (BH - TK1- D2006)
0
2

Bai 20. Tinh tich phan: 1= | (x-2)lnxdx  (DH - TK2- D2006)
1

Bai 21. Tinh tich phan: 1= |sin’ x.tgxdx. (PH - TK1- A2005)

S|y

sin 2x +sinx

dx . DPH - A2005
V1 + 3cosx gy ( )

Il
Ct—m |y oty o=y

Bai 22. Tinh tich phan 7

SIN2XCOSX . (PH - B2005)

1+cosx

Bai 23. Tinh tich phan 7

Bai 24. Tinh tich phan 1= (e““ +cOsX )dx. (PH - D2005)

4
2
Bai 25. Tinh tich phadn 7= [2"Zgx. DH - TK2- A2005
P [ ( )
Bai 26. Tinh tich phan sz In xdx . (PH - TK1- B2005)
0
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Y

4

Bai 27. Tinh tich phan j (tgx+e™™ cos x)dx . (PH - TK2- B2005)
< Inx

Bai 28. Tinh tich phan 1= PH - TK1- D2005

R HERP '!‘ xxllnx+1 ( )

H

Bai 29. Tinh tich phin 7=[(2x-1)cos’xdx.  (DH - TK2- D2005)
0
2

Bai 30. Tinh tich phan 7= j = (PH - A2004)
1

Bai 31. Tinh tich phan 7= [, VitSinxinx, g Bogo4)
1
3

Bai 32. Tinh tich phan 71 j In(x* = x)dx . (PH - D2004)
.

Bai 33. Tinh tich phan 7= | dx . (PH - A2003)
N 1+vx—1

Bai 34. Tinh tich phan 7= [.=230 %y, (PH - B2003)
0 1+sin2x

Bai 35. Tinh tich phan 1 = [|x* - xjdx. (BH - D2003)
0

Bai 36. Tinh dién tich gi6i han boi cac dwong y =[x - ,y=x+3.

(PH - A2002)

2
Bai 37. Tinh dién tich ¢idi han boi céc dudng y=,[4-2 y= 2_.
. gidi hg gy ,/ Rk iabrw

(PH - B2002)

2 2
Bai 38. Tinh tich phan 7= [ X223,
5 X —3x+2

2

Bai 39. Tinh tich phan 1= jxd
X

0
NE)

Bai 40. Tinh tich phan 7

~!. 2(x? +3)
'2[ xlnx

Bai 41. Tinh tich phan [

Bai 42. Tinh tich phan 1= j > sin® xdx .
0
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Bai 43.

Bai 44.

Bai 45.

Bai 46.

Bai 47.

Bai 48.

Bai 49.

Bai 50.

Bai 51.

Bai 52.

Bai 53.

Bai 54.

Bai 55.

Bai 56.

Bai 57.
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Tinh tich phan
Tinh tich phan
Tinh tich phan
Tinh tich phan

Tinh tich phéan

Tinh tich phan

Tinh tich phéan

Tinh tich phan

Tinh tich phan

Tinh tich phéan
Tinh tich phéan
Tinh tich phéan

Tinh tich phan

Tinh tich phan

Tinh tich phéan
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1
dx
I=|———.
-([x4+4x2+3
2r

I = j\/1+sinxdx.
0

O Sy

I= jcos(lnx)dx.
0

dx

~
Il

><l\)

+

=

+

&

~
Il
[\®]
|

o

o

»

i8]
e

~
[N

=
+
=
+
P—

cos(t - x*)dt =sinx.
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(PH Y Thai Binh - 2000)

(PHKTTC - 2000)

~
Il

~
Il

~
Il
SV [N AN |y O = O [y O~
=
N
=

~
Il

~
Il

O ) C— O
Y
S

1+ x°
1
dx

I:j 2x

e +3

¢ In(x+1dx
1=j .

1 X
I:j .4$inxdx .

, (sinx+cosx)

4
I=j\/x3—2x2+xdx.

0

22

Jtan? x+cot? x—2dx. (DPHM6 DC - 2000)

N 4 . 4
(cos'’x+sin" x—cos*xsin® x)dx.

(PHSPHN?2 - 2000)

(DHSPHN2 - 2000)
(DHLuat HN - 2000)
(DPHC6ng Doan - 2000)

(PHCéng Poan - 2000)

(PH Thuong Mai - 2000)

(PH Thuy Lgi - 2000)
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Bai 58. Tinh tich phan 1= |xtan® xdx. (PH Nong Nghiép I - 2000)
Bai 59. Tinh tich phan 7= '1214de . (PH Can Tho - 1999)
x(In“ x+1)
dx

Bai 60. Tinh tich phan

~
Il

sin 2x —2sinx

2
Sm- x

"™ ¥ sinxcos’ xdx .

~
Il

Bai 61. Tinh tich phan

Sl V[N O N0 [y — e O i [y

Bai 62. Tinh tich phan

fxt+l

3
a)l = j cosx In(x ++/x* +1)dx b)I =J' o
. o x°+
2

dx
sin®xcosx

dx o)l =

ONIN [N

(HVKTMM - 1999)

Bai 63. Chémg minh jl’f"2+j (l‘f‘ 5
1 x 1 x(1+x

=1(tana> 0) (DHLuat - 1999)

e e

Bai 64. Tinh dién tich hinh phang gi6i han boi:
Cy=14+ 12X o % (HVBCVT - 2000)
/4

Bai 65. Chiing minh réng vO1 moi m, n khac nhau, ta c6:

y:

1—2sin2£
2

j cosmxcosnxdx = j sinmxsinnxdx = 0 (PHLuat - 2000)

- -

Bai 66. Cho 0<x<Z . Xic dinh a, b sac cho L _ acosx | bCO?X
4 cosx 1-sinx 1+ sinx
H
Tu d6 suy ra : j dx

p COSX

Bai 67. Cho a > 0, f(x) 12 ham s6 chan lién tyc trén R. Chtrng minh rang voi
moi xe R, ta co:

tf(Hdt ¢
[=—==]rwa
Ja+l 3
¢ . . [ costdt
Ap dung tinh J' l
Joe+l
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2
Bai 68. Tinh tich phan /= [
b |x| +1
3
Bai 69. Tinh tich phan 1= J.|x— 2|dx .
-1
1
Bai 70. Tinh tich phan 7= [(j2x-1|-|x)" dx.
-1
1
Bai 71. Tinh tich phan 7= ”xz —2x+m‘ dx.
0
2
Bai 72. Tinh tich phan 1= ”xz —(a +1)x+a‘ dx .
1
Tran Xudn Bang - Truong THPT Chuyén Qudng Binh 2 4

TICH PHAN VA UNG DUNG

- Truong THPT Chuyén Quang Binh



Tran Xudn Bang - Truong THPT Chuyén Qudng Binh

Tran Xudn Bang - Trwong THPT Chuyén Qudng Binh 25
TICH PHAN VA UNG DUNG



	www.vnmath.com

